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Foreword

These notes are written for the third edition of the course INFO5147: Selected
Topics in Information Theory that I am teaching at Ecole Normale Supérieure
(ENS) de Lyon during the fall of 2020. The course is divided in two parts:
theoretical foundations and applications. These lecture notes cover only the first
part.

The objective of the first part is to level the ground to study information the-
ory outside the classical framework of communications theory. The motivation
for studying information theory outside its most prominent application domain
is to widen and strengthen its connections with other disciplines and mathe-
matical theories, in particular, real analysis, measure theory, probability theory,
optimization, game theory, and statistics. In my opinion, this choice provides a
more general look to the theory and might inspire new applications in different
fields. Certainly, by adopting this choice, information theory can be truly appre-
ciated and embraced as a developing mathematical theory whose impact on pure
and applied sciences is yet to be discovered.

These lecture notes are certainly incomplete and do not pretend to be a mono-
graph on information theory. In the current form, they are probably useful only
for having a written support for my lectures. This said, the course covers a variety
of elementary topics which turn out to be part of two essential building blocks of
information theory. The first building block is la théorie de la mesure (measure
theory), which developed around a problem formulated by Henri Léon Lebesgue
during his studies on integration at ENS: le probléme de la mesure (the problem
of measure). To tackle the problem of measure and establish the foundations of
measure theory, the first lecture is devoted to the algebra of sets and integration
from the point of views of Darboux, Riemann and Lebesgue. The second lecture
extends the notions of measure developed by Lebesgue beyond Euclidian spaces
to measurable spaces in which a general integration theory is presented. The
central object of study in this lecture is the Radon-Nikodym derivative, which is
a corner stone in the definition of most information measures.

The second building block is probability theory and thus, the third lecture con-
sists in an introduction to probability theory from the perspective of measure
theory. That is, real-valued random variables are defined as measurable func-
tions with respect to abstract measurable spaces and the Borel o-field in R. The
focus is on fundamental notions of independence, expectation, conditional inde-
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pendence and their connection to Lebesgue’s integral. Using this connection, the
notions of exponential families and exponential tilting are reviewed. The fourth
lecture concentrates on central limit theorems and saddle point approximations
for calculating probability density functions (pdf) and cumulative distribution
functions (cdf) independently on whether or not a closed-form exists for the pdf.

After the reviews on measure theory and probability theory, the course fo-
cuses on topics that were introduced by Claude E. Shannon in his seminal paper
a mathematical theory of communications, published in 1948. The fifth lecture
discusses the notion of information and wedge this notion to a positive real-valued
function. Using this function, often referred to as the information function, this
lecture presents a thorough exposition of information, relative information, infor-
mation density, entropy and relative entropy. Mutual information is presented as
a special case of relative entropy. The sixth lecture introduces the notion of con-
centration inequality and reviews classical and recent results in this topic. Using
concentration inequalities, the concept of typicality and joint-typicality, which
are due to Shannon, are presented in their most general forms. Both asymptotic
and non-asymptotic typicality are reviewed.

Armed with the knowledge of information measures and knowledge about
phenomena such as concentration of measure, the last two lectures of the first
part are devoted to hypothesis testing and the analysis of the probability of
error on hypothesis discrimination. The problem is studied considering both a
finite and countable set of observations. In both cases, fundamental limits on the
probability of error are presented.

Part of these lecture notes are inspired on scribed notes taken by some stu-
dents during the lectures. Nonetheless, those scribed notes were only a starting
point and have been entirely rewritten. I am particularly thankful to Quentin De-
schamps, Julien Devevey, Nemo Fournier, Jean-Yves Franceschi, Charles Gassot,
Rémy Griinblatt, Victor Mollimard, Jérémy Petithomme, Pegah Pournajafi, De-
nis Rochette, Xuan Thang, Herménégilde Valentin, and Lucas Venturi. I would
also like to thank the PhD students at [’Ecole Doctorale de Lyon and Postdocs
at INRIA who have provided comments on these lecture notes. I am thankful to
Dadja Anade, Selma Belhadj-Amor, Lélio Chetot, Nizar Khalfet, David Kibloff,
and Victor Quintero.

During the reading of this notes, you will certainly bump into errors, typos
and unclear statements that are certainly my fault. Please let me know about
this. Thank youl!

Enjoy the course, enjoy the reading, enjoy ENS.

Samir M. Perlaza
August 20, 2020.
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1.1

Algebra of Sets

Notation

A set is a collection of objects referred to as elements. In the following, sets are
denoted by caligraphic letters, e.g., A, B,C,... and the elements of a given set
are listed within braces “{}”. When the number of elements in a set is finite,
they can be listed explicitly, e.g., {0,1} is the set of binary digits. Note that
the use of ellipses “...” is rather common when the elements follow a particular
pattern, e.g., {0,1,2,3,...,9} denotes the set of decimal digits, which contains
ten elements. Some particular notations, different from calligraphic letters, are
also used to denote some special sets. For instance,

e ()= {} is the empty set, a set without elements;

e R is the set of all real numbers;

e IN2 {1,2,...,} is the set of natural numbers; and
e Z2{...,—-2,-1,0,1,2,...,} is the set of integers.

Given a set, there exists a specific notation that allows specifying whether
or not an element belongs to the set. This notation establishes a relation of
membership between elements and sets.

DEFINITION 1.1 (Membership). An element a that is in A is said to belong
to A, which is denoted by a € A. The opposite is denoted by a ¢ A.

From Definition it follows that 0 ¢ IN; 1 € IN; and 7 ¢ IN.

When the number of elements of a set is too big for explicitly listing all the el-
ements, using ellipses is not necessarily a good choice. This is due to the fact that
identifying the right pattern of the elements is left up to the reader, who might
guess the right pattern or any other. Consider for instance the set {3,5,7,...,},
which might be interpreted as the set of odd natural numbers bigger than two;
or the set of prime numbers. This said, an alternative consists in using an ex-
plicit description of the elements such that any ambiguity is eliminated, e.g.,
{z : “description of z” }. In this case, it is always recommended to explicit a
set O containg all possible elements to which the “description” applies, e.g.,
{z € O : “description of 7 }. Using this notation, some other special sets, for
which notations different from calligraphic letters are used, can be defined:
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e C={a++/~1b:a € R and b € R} is the set of complex numbers; and
e Q2 {§ €eR:peZ,qeZ and q # 0} is the set of rational numbers.

A special notation is used for some subsets in R, namely, the intervals. That
is, given two real numbers a and b such that a < b, an interval is a set of one of
the following forms:

[a,b] = {zr € R:a <z < b}, (1.1)
Ja,b) 2 {x € R:a < x < b}, (1.2)
[a,b[ 2 {zx € R:a <z <b}, and (1.3)
la,b[ £ {z €R:a <z <b}. (1.4)

Intervals and more elaborated subsets of R are studied in Section L3l
The cardinality of a set, which is a measure on the number of elements in the
set, can be finite or infinite.

DEFINITION 1.2 (Cardinality). The cardinality of a set A is a measure on the
number of elements, denoted by |.A|, and satisfies either |A| € N, |A] = 0,
or |A] = +oo.

Without any surprise, sets whose cardinality is finite or infinite are referred to
as finite sets or infinite sets, respectively. The case of the empty set is an example
of a finite set, i.e., [#] = 0. The set of natural numbers satisfies |IN| = co, whereas
the set of binary digits |{0,1}| = 2. The notion of cardinality implies that the
elements of some sets can be counted. This holds clearly when the cardinality is
finite, nonetheless, even when the cardinality is infinite in some cases the elements
of a set can be counted. This observation leads to distinguishing between two
types of sets: countable and uncountable sets.

DEFINITION 1.3 (Countable and uncountable sets). A set A is said to be
countable if and only if there exists an injective function f : A — IN. When
such a function f exists and it is also bijective, the set A is said to be
countably infinite. Otherwise, the set A is said to be uncountable.

Note that the sets ), IN, Z and Q are countable. More specifically, @ is finite,
whereas IN, Z and @ are countably infinite. Alternatively, the sets R and C are
uncountable, and thus infinite. Every finite set is countable and thus, the des-
ignation “finite” is preferred instead of “countable” in this case. Nonetheless,
the designation “countable” is often reserved to mean both finite and “count-
ably infinite” sets. Every uncountable set is infinite and thus, the designation
“uncountably infinite” is often avoided to make room for “uncountable”.

Two sets can be compared in a similar way as two real numbers are compared.
The following definition introduces the notation for these comparisons.
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DEFINITION 1.4 (Comparison). Given two sets A and B,

e the set A is said to be a subset of B, denoted by A C B or B D A, if
and only if for all a € A, it holds that a € B;

e the set A is said to be a proper subset of B, denoted by A C B or
B D A, if and only if A C B and there exists at least one element
b € B such that b ¢ A,

e the set A is said to be identical to B, denoted by A = B, if and only if
A C B and A D B. The opposite is denoted by A # B.

From Definition the following holds:
PCcNCZcQCRCC. (1.5)

Basic Operations

Unions and Intersections

Union and intersection are two operations performed between two sets. These
operations are analogous to operations such as addition and subtraction in R.
These operations are defined hereunder.

DEFINITION 1.5 (Unions and Intersections). Given two subsets A and B of
0,

e the union of the sets A and B, denoted by AU B, is a set that contains
all the elements of A and B, i.e.,

AUB={acO:a€ AVacB}; and (1.6)

e the intersection of the sets A and B, denoted by AN B, is a set that
contains the common elements between A and B, i.e.,

ANB2{acO:ac AnacB}. (1.7)

The union and the intersection of sets satisfy the following properties.

THEOREM 1.6 (Properties). Let A, B and C be some sets. Then, the follow-
ing holds:
o Commutative Property

AUB=BUA and

ANB=BnNA.
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e Associative Property

AUBUC=(AUB)UC=AU(BUC) and (1.10)
ANBNC=(ANB)NC=AN(BNC). (1.11)

e Distributive Property
(AuB)NC=(ANC)U(BNC) and (1.12)
(ANB)UC=(AUC)N(BUC). (1.13)

e [dempotent Property
ANA=A (1.14)
AUuAd=A (1.15)

Proof The proof of these statements follow immediately from the fact that
conjunction and disjunction are logic operations that exhibit the commutative,
associative, distributive and idempotent properties.

Proof of : Let = be an element of AU B. Then,

reEAUB<—=zec AVzeB (1.16)
= zeBvzreA (1.17)
<= xeBUA, (1.18)

where the implication in (1.17]) holds given the fact that disjunction is a com-
mutative operation.

Proof of (1.9): Let = be an element of AN B. Then,

reANB<=azc ANz eB (1.19)
—zeBArzeA (1.20)
=z eBNA, (1.21)

where the implication in ([1.20]) holds given the fact that conjunction is a com-
mutative operation.
Proof of (1.10): Let = be an element of (AU B) UC. Then,

ze€(AUB)UC <« (r € AUB)Vz el (1.22)
<~ (reBvzeAVvzel (1.23)
—zecAvVzeBVvzel (1.24)
<—zeAV(zeBVzel) (1.25)
—zxeAvzeBUC (1.26)
< ze AU (BUC). (1.27)

Note that implies also that z € (AUB)UC <= = € AU B UC. Hence,
AUBUC = (AUB)UC = AU (BUC).
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Proof of (1.11)): Let « be an element of (AN B) NC. Then,

re€ANB)NC«—= (xe AnNB)AzeC (1.28)
— (xeBArzeAANzel (1.29)
= zeBArzeAnz el (1.30)
= recAN(zeBrzel) (1.31)
= zec ANz eBnNC (1.32)
—=zeAN(BNC). (1.33)

Note that implies also that € (ANB)NC <= = € ANBNC. Hence,
ANBNC=(ANB)NC =AN(BNC).

Proof of (1.12)): Let  be an element of (AU B) NC. Then,

ze(AUBNC <=z (AUB)Az€C (1.34)

— (xeAvzeB)Anz el (1.35)

— (xe ANz elC)V(zxeBArxel) (1.36)

= (€ ANC)A(z € BNC) (1.37)

—ze(ANC)U(BNC). (1.38)

Proof of (1.13): Let = be an element of (AN B) UC. Then,

ze(ANB)UC <=z (ANB)vz el (1.39)
— (e ArnzeB)vzel (1.40)
— (e AVzelC)N(zeBVael) (1.41)
= (€ AUC)A (x € BUC) (1.42)
—ze(AUlC)N(BUC). (1.43)
Proof of : Let x be an element of AN .A. Then,

reANA<=2rcAnzec A (1.44)
= zecA (1.45)

Proof of (L.15)): Let  be an element of AU A. Then,

reAUVUA<= rec AVveec A (1.46)
=z e A, (1.47)
which completes the proof. O
1.2.2 Complements and Differences

Often, operations among sets are performed with respect to a set that contains
all the elements involved in the operation. Such a “reference” set is known as the
universal set and it is often denoted by O. Taking this into account, operations
such as the complement of a set can be defined.
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DEFINITION 1.7 (Complements). Given two subsets A and B of the set O,

e the complement of the set A with respect to O, denoted by A€, is a set
that contains all the elements in O except those in A, i.e.,

A2{a€0:a¢ A}; (1.48)

e the difference of the sets A and B, denoted by A\ B, is a set that
contains all the elements of A except those in B, i.e.,

A\B={acA:a¢B}; (1.49)

Definition highlights the relevance of determining a universal set for cal-
culating the complement of a set. In the following, unless it is clear from the
context, a universal set is always specified. Note for instance that the comple-
ment of A with respect to the universal set is A® = O \ A, whereas with respect
to B, it is B\ A.

The simple operations of unions, intersections and complements establish the
foundations of the algebra of sets. The following results are easily obtained from
Definition [I.4] Definition [I.5] and Definition Nonetheless, for the sake of
completeness, a proof is provided.

THEOREM 1.8. Given a subset A of a set O, it holds that a € A if and only
if a ¢ A, where the complement is with respect to O.

Proof The proof is an argumentum ad absurdum. That is, let a be an element
of A. Then, if a € A, then, a € AN A® = (), which is an absurdity. On the other
hand, let a be an element of A€. Then, if a € A, then, a € AN A = 0, which
is also an absurdity as in the previous case. Hence, a € A if and only if a ¢ A°.
This completes the proof. O

THEOREM 1.9. Given two subsets A and B of a set O, such that A C B, it
follows that A° D B¢, where the complement is with respect to O.

Proof Let x be an element of A. Hence, from the assumption that A C B, the
following implications hold:
r e A=z € B and (1.50)
xr¢B=ux¢ A (1.51)
Now, assume that x € B¢. Hence, from Theorem it holds that = ¢ B. Hence,

from (1.51)), it follows that « ¢ A, which implies z € A® (Theorem. Therefore
B¢ C A°, which completes the proof. O
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THEOREM 1.10. Given two subsets A and B of a set O, it holds that
A\ B =ANKB", (1.52)

where the complement is with respect to O.

Proof From Definition the following holds:

A\B={a€A:a ¢ B} (1.53)
={xeO0:xe ANz ¢ B} follows from A C O (1.54)
={z€0:xe ANz e B°} follows from Theorem[I.§  (1.55)
=ANB°, (1.56)

which completes the proof. O

The difference of sets is not commutative, nonetheless, there exists an inter-
esting connection between difference of sets and complements, as shown by the
following theorem.

THEOREM 1.11. Given the subsets A and B of O, it holds that
A\ B £ B\ A, (1.57)

where the complement is with respect to O.

Proof Using Theorem the following holds:

A\B=ANB (1.58)

= BN (A% (1.59)

=B\ A, (1.60)

which completes the proof. 0

De Morgan's Laws

The following identities were introduced by Augustus de Morgan and play a key
role in the algebra of sets.

THEOREM 1.12 (de Morgan Laws). Let A and B be two subsets of O. Then,
AUB = (AN B and (1.61)
ANB = (A°UBY)S, (1.62)

where the complement is with respect to O.
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Proof Let x be an element of (AN B°)¢. Then,
z€(ANB) <=z ¢ A NB° (1.63)
— o(x € A°NB°) (1.64)
= (r e ANz € B (1.65)
= (z € A°) V (z € BY) (1.66)
— (¢ A)V (z ¢ B (1.67)
<< (z€ AV (reBb) (1.68)
—=rc AUB. (1.69)
Hence, x € (AN B¢ if and only if z € AU B, which proves the equality in
(1.61). The proof of the second equality uses similar arguments. Let = be an

element of (AU B€)¢. Then,

€A UBY) <= x ¢ A°UB* (1.70
— —(z € AU B (1.71
<~ ~(z € A°VzeBY (1.72
< (€ A) A —(z € BY) (1.73
— (x ¢ A) A (z ¢ BY) (1.74
<~ (ze A A(xeB) (1.75
= zec ANB, (1.76)

)
)
)
)
)
)

Hence, z € (AU B°)¢ if and only if € AN B, which completes the proof. [

The relevance of Theorem is that it allows expressing the union of sets
in terms of complements and intersections; and the intersection of sets in terms
of complements and unions. This might appear trivial but it actually plays a
central role in many of the proofs presented in this work.

Symmetric Difference

The symmetric difference is defined as follows.

DEFINITION 1.13 (Symmetric Difference). Given two subsets A and B of
the set O, the symmetric difference between A and B, denoted by AAB
contains the elements that belong only to either A or B. That is,

AANBE{acO:ac A\BVacB\ A}. (1.77)

The following theorem provides an enlightening interpretation of the symmet-
ric property.
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THEOREM 1.14. Given the subsets A and B of O, it holds that
AAB =BAA = (AUB)N (AN B), (1.78)

where the complement is with respect to O.

Proof From Definition it follows that

AAB = (A\ B)U (B\ A) (1.79)
=BAA. (1.80)

Hence, from Theorem and Theorem the following holds:
(A\B)U(B\ A) = (ANB)U(BN.AS) (1.81)
= (AU (BNA%)) N (B U (BN.AS)) (1.82)
=((AUB)N(AUA))N((B°UB)N (B U.A%)) (1.83)
=((AUB)NO)N(ON(B°U.A)) (1.84)
= (AUB)N (B U A% (1.85)
=(AUB)N (BN A", (1.86)
which completes the proof. O

Disjoint Sets

Two sets are disjoint if they do not possess elements in common.

DEFINITION 1.15 (Disjoint Sets). Given two sets A and B, they are said to
be disjoint if and only if

ANB=0. (1.87)

The following theorem expresses the union of two sets by an equivalent union
of two disjoints sets. This trick reveals to be particularly useful in the following
chapters.

THEOREM 1.16. The union of any two subsets A and B of a set O can be
expressed as the union of two disjoint sets: A and AN B. That is,

AUB =AU (A°NB), (1.88)

where the complement is with respect to O.

Proof The proof follows from verifying that A and .A°N B are disjoint sets, that
is,

AN(ANB)=(ANA)NB
0nB
0, (1.89)
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and the fact that,
AUANB)=(AUA )N (AUDB)
=0nNn(AUB)
=AUB, (1.90)

where O is the set containing the elements of both A and B. This completes the
proof. O

Theorem [1.16] can be generalized to countable unions. Given a sequence of
subsets A, As, Az, ... of a set O, it follows from Theorem that their union
satisfies

A UA U .= A UUINA)UATNASNA)U. .., (1.91)

where the complement is with respect to the set O. Note that the sets A,
(AS N Az), (A5 NASN A3), ... are disjoint sets.

Cartesian Products

Some sets are formed by elements that are tuples. More specifically, each com-
ponent of a tuple might be an element of a given set. Sets whose elements are
tuples can be obtained by an operation referred to as Cartesian product.

DEFINITION 1.17 (Cartesian Products). Given two subsets A and B, their
Cartesian products are denoted by A x B and B x A such that

Ax B2 {(a,b):a€ Aandbe B} and (1.92)
Bx A= {(a,b):a€ Bandbec A}. (1.93)

Note that the Cartesian product of A and B is a set whose elements are ordered
pairs and thus, when A # B it holds that A x B # B x A. Consider a sequence
of sets A;, As, ..., A,. Hence, the Cartesian product A; x A3 x ... x A, is often

n

denoted by H As and

s=1
H‘AS 2 {(a1,a,...,a,) :Vt € {1,2,...,n},as € As}. (1.94)
s=1

When all sets are identical, i.e., As = A for all s € {1,2,...,n}, the notation
can be simplified to

n
A" 2 [[A={(a1,02....,an) : ¥t € {1,2,...,n},a; € A}. (1.95)

t=1
Given a Cartesian product of the sets A;, As, ..., A,, a subset of such Carte-
sian product often implies a relation between the elements of A;, As, ..., Ap_1

and A,,. The following definition formalizes this intuition in the case of two sets.
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DEFINITION 1.18 (Binary Relations). Given two subsets A and B, a binary
relation between A and B is determined by a set C C A x B. The elements
a € Aand b € B are said to be related if and only if (a,b) € C.

Binary relations are useful to describe several mathematical objects, for in-
stance functions, as discussed in Section |1.7]

The Empty Set and the Power Set

The empty set () has been defined in Section [1.1] as the set that does not contain
any element. It has also naturally appeared in previous calculations, e.g., the
intersection of two disjoints sets.

Alternatively, given a set A, the power set of A is denoted by 24 and it is
defined hereunder.

DEFINITION 1.19 (Power Set). Given a set A, the power set of A, denoted
by 24, is the set of all possible subsets of A.

Some of the properties of the empty set are listed by the following theorem.

THEOREM 1.20. Let A be a subset of O. Hence, the following holds:

|0] = 0; (1.96)
0C A (1.97)
PUA=AUD=A; (1.98)
ANP=0NnA=0; (1.99)
20 = {p}; (1.100)
Dx A=Ax0=0; and (1.101)
ACh<—= A=0. (1.102)
Proof See Homework 1 O

Subsets of R"

Balls

Given a point in & € R", with n € IN, and a positive real » < oo, a ball is a
set that contains all the points whose Euclidian distance to « is bounded by 7.
The point x is often called the center of the ball and the real r is referred to
as the radius. When n = 3, the resulting ball is a geometric object that is as
familiar as the shape of an orange or a volley ball. Hence, it is easy to see the
justification of this denomination for these sets. Nonetheless, in the case when
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n =1 or n = 2, these sets are simply intervals and disks, respectively. In higher
dimensions, these sets receive the generic name ball. Balls in R™ can be open or

closed.
DEFINITION 1.21 (Open ball in R™). Given a point @ = (z1,22,...,2,) €
R™, with n € IN, and a real r, with 0 < r < oo, the set

Bla,r) 2 {y e R" : [lz — yll, < r} (1.103)

is an open ball.

Open balls are properly defined only for 0 < r < co. The case r = 0 leads to
an implication in which the norm ||z — y||, in is negative, which leads to
the equality B(z,0) = 0, for all z € R™. The case in which r = oo corresponds
to a degenerate ball that is equivalent to the whole Euclidian space R™.

DEFINITION 1.22 (Closed ball in R™). Given a point = (z1,%2,...,%Tn) €
R™, with n € IN, and a positive real r, with 0 < r < oo , the set

B(x,r) 2 {y e R" : ||z —yl||, <r} (1.104)

is a closed ball.

Contrary to the case of open balls, closed balls with » = 0 are nonempty. The
case r = 0 leads to the equality B(zx,0) = {x}, which is a singleton. Moreover,
it holds that for all & € R™, with n € IN, and for all r € [0, +o0],

B(z,r) C B(z,r). (1.105)

Boxes

Boxes are subsets of R™, with n € IN, whose denomination is also due to their
geometry. When n = 3, boxes are regular polyhedra whose faces are pair-wise
pararell and parallel to one of the axes of the Cartesian coordinates. This is
despite the fact that when n = 1, a box is simply an interval; and when n = 2,
a box is a rectangle. For higher dimensions, these sets are generally referred to
as boxes.

DEFINITION 1.23 (Generic Box in R™). Given n intervals Rq, Ra, ..., Rn
in R, such that for all ¢ € {1,2,...,n}, interval R; is of the form [a;, b;],
lai, bi[, lai, bi], or [a;, b;[, with —co < a; < b; < +00, the set

RERI XRaX...xX Ry, (1.106)

is a generic box, or simply a box.

As in the case of balls, boxes can be open or closed. An open box satisfies the
following definition.
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DEFINITION 1.24 (Open Box in R™). Given n open intervals in R of the
form Jay, b1[, laz, bz, - .., Jan, by[, with n € N and —o0 < a; < b; < +oo for
alli € {1,2,...,n}, the set

R = ](thl[ X ]ag,bg[ X ... X ]an,bn[, (1.107)

is an open box.

Alternatively, a closed box can be defined as follows.

DEFINITION 1.25 (Closed Box in R™). Given n closed intervals in R of the
form [ay, b1], [az,b2], - .., [an,bys], with n € IN and —o0 < a; < b; < +o0 for
all i € {1,2,...,n}, the set

Ré [al,bl] X [CLQ,bQ] X ... X [an,bn], (1108)

is a closed box.

Elementary Sets

An elementary set is a subset of R™, with n € IN, that can be obtained by finite
union of boxes.

DEFINITION 1.26 (Elementary Sets). An elementary set A is a subset of
R"™, with n € IN, for which there always exists a sequence of generic boxes
Ai, Az, ..., Ay, with m < oo, such that A = J;", A;.

Elementary sets exhibit an interesting property. The fundamental operations
between elementary sets, e.g., union, intersection, set difference and set sym-
metric difference, lead to elementary sets. The following theorem formalizes this
statement.

THEOREM 1.27 (Properties of elementary sets). Let A and B be two ele-
mentary subsets of R™, with n € IN. Then, the following sets AUB; ANB;
AN\ B; and AAB, are elementary sets.

Proof See Homework 1. O

Open Sets and Closed Sets

The reader is certainly acquainted with the notions of open and closed intervals,
which are respectively open and closed subsets in R. In the previous section,
open and closed intervals were used to build open and closed boxes, which are
examples of open and closed subsets in R™, with n € IN. Other examples are
open balls and closed balls in R™. In this section, the definitions of open and
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closed boxes (and balls) are extended to build a formal definition of both open
and closed sets in R™.

DEFINITION 1.28 (Open sets in R™). A subset A of R™, with n € N, is said
to be open if for all x € A, there a exists a real r > 0 such that

B(x,r) C A. (1.109)

Note that the Definition is stated in terms of open balls, but the same
effect is obtained if such a definition is made in terms of open boxes. The disa-
vantage of such an alternative is the need of specifying many more parameters.
More specifically, describing a box requires n intervals (2n real numbers) instead
of a center for the ball, which is a point in R™ (n real numbers), and the radius
(one real number). From this perspective, Deﬁnition is not unique but it is
certainly one of the simplest definitions.

The definition of a closed set is given in terms of its complement.

DEFINITION 1.29 (Closed sets in R™). A subset A of R™, with n € IN, is
said to be closed if A® is open, where the complement is with respect to R™.

The following theorem shows that countable unions of open sets form open
sets.

THEOREM 1.30 (Unions of open sets). Let C be a countable set such that
for allt € C, A; is an open set. Hence, the union

U A (1.110)
teC

1S an open Sset.

Proof See Homework 1. O

Alternatively, countably infinite intersections of open sets do not necessarily
form open sets.

ExAMPLE 1.31. Consider a pair (a,b) € R?, with —co < a < b < +o0.
For all n € NN, let A, £ ]a — %,b—i— %[ be an open set. Then, note that

ﬂ A; = [a, b], which is a closed set.
t=1

Nonetheless, finite intersections of open sets form an open set.

THEOREM 1.32 (Intersections of open sets). Let Ay, As, ..., Ak, be an
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arbitrary sequence of open sets, with k < co. Hence, the intersection
k
A (1.111)
t=1
form an open set.
Proof See Homework 1. O

Using Theorem the following shows that countable intersections of closed
sets form closed sets.

THEOREM 1.33 (Intersections of closed sets). Let C be a countable set such
that for all t € C, Ay is a closed set. Hence, the intersection

) A (1.112)

teC

is a closed set.

Proof Note that for all ¢ € C, Af is an open set. Hence, from Theorem [I.30] it
holds that [, A is an open set, and therefore, its complement is closed. Thus,
using Theorem it follows that

<U A§> = A (1.113)

teC teC

is closed, which completes the proof. O

Alternatively, countably infinite unions of closed sets do not necessarily form
closed sets.

EXAMPLE 1.34. Given a pair (a,b) € R?, with a < b— 2, let for all n € IN,

A, & [a + %,b — l] be a closed set. Note that U A =]a, b[, which is an

n
t=1
open set.

Nonetheless, finite unions of closed sets form a closed set.

THEOREM 1.35 (Unions of closed sets). Let Ay, As, ..., A, be an arbitrary
sequence of closed sets, with k < co. Hence, the union

k
U A (1.114)
t=1

forms a closed set.

Proof Note that A, A3, ..., AS is a finite sequence of open sets. Hence, from
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Theorem it holds that ﬂle AS is an open set, and therefore, its complement
is closed. Thus, using Theorem it follows that

k ¢ k
(ﬂ Ag) = JA (1.115)
t=1 t=1
is closed, which completes the proof. O

Note that subsets of R™, with n € IN, might not necessarily be open or closed.
In R, an interval of the form [0, 1] is neither closed nor open. It is said to be
closed to the left and open to the right. The case of the empty set is even more
interesting as shown by the following theorem.

THEOREM 1.36. The empty set in R™, with n € IN, is both closed and open.

Proof See Homework 1. O

Bounded Sets and Compact Sets

A set is said to be bounded in R™, with n € N, if it is a subset of a ball centered
somewhere, e.g., at the origin, and whose radius is finite.

DEFINITION 1.37 (Bounded Sets). A set A C R™, with n € IN, is said to be
bounded if there exists a real r < oo such that

A C B(0,r), (1.116)
where 0 = (0,0,...,0) € R™.

Sets that are both closed and bounded form a particular class of sets in R™,
i.e., compact sets.

DEFINITION 1.38 (Compact sets). A set A C R™, with n € IN, is said to be
compact if it is closed and bounded.

Note that the following theorem is an immediate consequence of Definition [1.3§
Theorem [1.33] and Theorem [1.35

THEOREM 1.39 (Union and Intersection of Compact Sets). A finite union
of compact sets forms a compact set. A countable intersection of compact
sets forms a compact set.

Interior, Closure, and Boundary

In order to define the interior of a set in R™, with n € IN, consider first the
definition of an interior point.
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DEFINITION 1.40 (Interior Point). Given a set A C R"™, with n € IN, the
point & € R™ is said to be an interior point of A if there exists an r > 0
such that

B(x,r) C A. (1.117)

From Definition [1.28] it follows that all elements of an open set are interior
points. In a nutshell, a point is interior to a set if it is always possible to center
an open ball in such a point and ensure that the ball is a subset of the set. The
union of all interior points of a set form its interior.

DEFINITION 1.41 (Interior of a set). The interior of a set A C R", with
n € IN, denoted by int.A, is

intA= {x € A:3Ir>0, Blz,r) C A} (1.118)

Given a nonempty set A C R™, with n € IN, it holds that int.A is a proper
subset of A if A is closed. On the other hand, int.A is identical to A if A is open.

The definition of the closure of a set is in terms of the definition of points of
closure, also known as closure points or adherent points.

DEFINITION 1.42 (Closure Point). Given a set A C R™, with n € IN, the
point & € R™ is said to be a closure point of A if for all » > 0, there exists
a point y € A, such that

y € B(z,r). (1.119)

A closure point of a set is a point that is arbitrarily close to at least one
element of the set. This said, any interior point is a closure point. The reunion
of all closure points of a given set forms its closure.

DEFINITION 1.43 (Closure of a set). The closure of a set A C R”, with
n € IN, denoted by cloA, is

cloA2{zeR":Vr>03Jy e A yeBz,)} (1.120)

Given a nonempty set A C R™, with n € IN, it holds that A C cloA, with
strict inclusion if A is open. On the other hand, cloA is identical to A if A is
closed. The following theorem strengthen this observation.

THEOREM 1.44. Consider a set A C R™, with n € N. Then, A is closed if
and only if A = cloA.

Proof See Homework 1. O
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EXAMPLE 1.45. Consider for instance, a subset A of R™, with n € IN, that
satisfies |A| = k, with k£ < co. From Definition and Definition [1.43] it
follows that int. A = @) and cloA = A.

The following theorem formalizes this observation.

THEOREM 1.46. Given a set A C R™, with n € IN, it holds that intA is
always open; cloA is always closed; and

int A C cloA. (1.121)

Proof See Homework 1.

O

Example highlights a special class of points in R™ often referred to as

isolated points.

DEFINITION 1.47 (Isolated Point). Given a set A C R™, with n € IN, the
point & € R™ is said to be an isolated point of A if there exists an r > 0
such that

AN B(x,r) = {x}. (1.122)

The sets that do not contain isolated points form a particular class of sets.

DEFINITION 1.48 (Perfect Set). A subset of R™, with n € IN, that does not
contain isolated points is said to be perfect.

The definition of boundary is given in terms of the definition of boundary

point.

DEFINITION 1.49 (Boundary Point). Given a set A C R™, with n € IN, the
point & € R” is said to be a boundary point of A if

x € cloA\ intA. (1.123)

Using Definition the definition of boundary can be stated as follows.

DEFINITION 1.50 (Boundary of a set). The boundary of a set A C R™, with
n € IN, denoted by bouA, is

boud £ {x € R" : = € cloA \ int.A} (1.124)

Using the notion of boundary of a set, a relaxation of the definition of disjoints

sets (Definition [1.15)) can be formalized.

DEFINITION 1.51 (Almost disjoint sets). Two subsets A and B of R", with
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n € IN, are almost disjoint if

int.A N intB = (). (1.125)

Partitions and Covers

A partition of a set is essentially a collection of disjoints subsets that satisfy the
following definition.

DEFINITION 1.52 (Partition). Given a set A, let C be a set such that for all
c € C, B, is a non-empty subset of A. These subsets form a partition of A
if for all pairs (i,j) € C?, with i # j, B; N B; = 0; and

UB.=A (1.126)

ceC

The empty set has exactly one partition, which corresponds to the empty set
itself. A trivial partition of a nonempty set A is the set A itself. The smallest
partition of A, containing the proper subset B is formed by the sets B and B\ A.

The largest partition of a set can be constructed as follows. Consider for in-
stance a set A and define for all a € A the subset B, = {a}. Hence, |, 4 B = A.
Thus, these subsets form the biggest partition of A.

When the set C in Definition [1.52] is countable, the corresponding partition
is said to be a countable partition. Otherwise, the partition is said to be an
uncountable partition.

EXAMPLE 1.53. Given a set A = [a,b], with (a,b) € R? and a < b, let
C = (0,1}, and for all ¢ € C, let A; = {a + t(b— a)} be subsets of A. These
subsets form an uncountable partition of A.

Alternatively, a cover can be defined as follows.

DEFINITION 1.54 (Covers and Exact Cover). Given a set A that satisfies
Ac|JB., (1.127)
ceC
the sets B, for all ¢ € C, form a cover of A. A cover that satisfies
UB.cA (1.128)
ceC

is an exact cover.

From Definition and Definition it follows that every partition of a
given set forms an exact cover of such a set. Nonetheless, the opposite is not true
as sets forming a cover are not necessarily disjoint. Essentially, the sets B, for all
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c € C, form a cover of A if for all a € A, there exists at least one j € C such that
a € B;. When the set C in Definition is countable, the corresponding cover
is said to be a countable cover. Otherwise, the cover is said to be an uncountable
cover.

EXAMPLE 1.55. Given a set A = [a,b], with (a,b) € R? and a < b, let
C =1[0,1] and for all t € C, let A; = [a,a+t(b— a)] be subsets of A = [a, b].
These subsets form an uncountable cover of A.

Covers of compact sets in R™, with n € IN, exhibit a unique property.

THEOREM 1.56 (Heine-Borel). Let A € R™, with n € IN, be a compact set,
and assume that

AclB (1.129)

teC

where C is a set such that for allt € C, B; is an open set. Then, there exists
a finite k € IN such that

k
Ac B, (1.130)

j=1

where, for all j € {1,2,...,k}, t; € C.

Proof See Homework 1. O

Theorem [L.56] states that from every cover (Definition formed by in-
finitely many open sets of a compact set, it is always possible to obtain a cover
formed by a finite number of those open sets. The first statement of Theorem [1.56
is attributed to Eduard Heine. Nonetheless, the first formal proof, in the case
in which C is countable, is attributed to Emile Borel in 1895. The current form
of this theorem is due to contributions of Pierre Cousin, Henri Lebesgue, and
Arthur Moritz Schoenflies.

Sequences of Sets

Monotonic Sequences of Sets

Monotonic sequences of sets are either increasing or decreasing. These can be
formally defined as follows.

DEFINITION 1.57 (Increasing/Decreasing Sequences). Given a set A, a count-
able sequence of sets A1, Asg, .. . is said to form an increasing sequence whose
limit is A, if and only if

(a) .A1C.A2C.A3C...and
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t=1
This is denoted by A,, 1 A. Alternatively, they are said to form a decreasing
sequence whose limit is A, if and only if

(C) AleQDAgD...and
@ (A=A
t=1

This is denoted by A,, | A.

The following examples show an increasing sequence of closed intervals and a
decreasing sequence of open intervals, respectively.

EXAMPLE 1.58. Given a pair (a,b) € R?, with a < b — 2, the open interval

Ja,b[ can be shown to be the limit of an increasing sequence of closed in-

1

tervals. Assume for instance that for all n € IN, A,, £ [a + %, b— E]' Note

that A; C A, C A3 C ... and U A =la, b[. Thus,
t=1
P+iﬁ—1 1 Ja,b. (1.131)

n

EXAMPLE 1.59. Given a pair (a,b) € R?, with a < b, the closed interval
[a, b] can be shown to be the limit of a decreasing sequence of open intervals.
Assume for instance that for all n € IN, A4,, £ ]a — %, b+ %[ Then, note

that A1 D A; D A3 D ... and ﬂ A; = [a,b]. Thus,

t=1

}a—iﬁ+i[¢[mw (1.132)

The De Morgan’s laws (Theorem [1.12)) lead to the following implications.

THEOREM 1.60. Consider an infinite sequence of sets Ay, As,.... Then,

(i) If A, 1t A, then AS | AS; and
(i) If A, | A, then AS 1 A°.

Proof To prove (i), note that if A,, T A, it follows that A; C Ay C A3 C ... and

U A = A. From Theorem (1.9} the former implies that A D A5 D A§ D ...
t=1
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Hence, from Theorem [1.12] it follows that

A = (U An> = A5 (1.133)
n=1 n=1

This leads to the conclusion that AS | AC.

To prove (ii), note that if A,, | A, it follows that A; D Ay D A3 D ... and
m A; = A. From Theorem [1.9) the former implies that A C A5 C A§ C ...,
t=1
whereas the latter, from Theorem [1.12] implies that

Ac = (ﬁ An> = O AS. (1.134)

n=1 n=1

This leads to the conclusion that AS 1 .A° and completes the proof. O]

Limits of Sequences of Sets

The notion of a limit in a sequence of sets is analogous to the notion of limit in
a sequence of real numbers. The following definition unveils this analogy.

DEFINITION 1.61. Consider a countable sequence of sets Aj, Ao, As, .. ..
Then, the lower-limit of the sequence is

liminf A, £ (] [ Ak (1.135)
" m=1k=m
and the upper-limit of the sequence is
limsup A, £ (1) | A (1.136)
" m=1k=m

Given a countable sequence of sets Aj, Az, As, ... and a set B such that B C
liminf, A,, then there always exists a k € IN, such that for all n > k, it holds
that B C A,,. More specifically, B C liminf,, A, if and only if for all n € N\ N/
it holds that B C A,,, with A" C N, a finite subset.

Alternatively, given a countable sequence of sets Aj, Az, Az, ... and a set B
such that B C limsup,, A,, then for all k¥ € IN, there always exists an integer
n > k such that B C A,,. More specifically, B C limsup,, A, if and only if for all
n € N it holds that B C A,,, with A/ C IN an infinite subset.

ExAMPLE 1.62. Consider a countable sequence of sets Aj, Az, As, ... such
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that for all n € IN,

]_—1, l] if n is odd
An = { ]-1,1] if nis even. (1.137)
Hence, for all m € IN, the following holds:
U An = U (AerQn UAm+2n+1) (1138)
n=m n=0
= <U Am+2n> U (U Am+2n+1> and (1.139)
n=0 n=0
(oo} (oo}
ﬂ -An = (-Am+2n N Am+2n+1) (1140)
n=m n=0
= (m Am+2n> N (m A7n+2n+1> . (1141)
n=0 n=0

Then, if m is even,

ngn,An B (g]_l’ m+12nD N (,@J ml]) (1.142)

}1, TH U}mil’l] (1.143)
=]-1,1] and (1.144)
n An (po] m+2n}> (po} m+2n—|— 1’ 1]) (1.143)
=1]-1,0]N[0,1] (1.146)
= {0}. (1.147)

Alternatively, if m is odd,

U Ay <U]m112n 1]>u<§]—1m+21n+1]> (1.148)

=0

=}—;,1} U}—l,mil] (1.149)
=]-1,1] and (1.150)
iA - (ﬁ]wﬁlznlb : (5]‘17@]) (1.151)
=[0,1]n]-1,0] (1.152)

= {0}. (1.153)




26

Algebra of Sets

This implies that for all m € IN,

J An=]-1,1], and (1.154)

ﬁ A, = {0}. (1.155)

n=m

Thus, the upper-limit of the sequence is

limsup A,, = ﬁ D A, = ﬁ]— 1,1 =] —1,1], (1.156)
n m=1n=m m=1

and the lower limit of the sequence is

lim inf A, = G ﬁ A, = G {0} = {0} (1.157)

m=1n=m

In general, the upper and lower limits satisfy the following identities.

THEOREM 1.63 (Complements of Limits). Consider a countable sequence of
sets A1, Az, As,.... Then,

<lim sup .A"> = liminf A, and (1.158)

(lim inf An)c = lim sup AC. (1.159)
n p

n

Proof The proof is obtained using the De Morgan’s identities (Theorem [1.12)).
That is,

<limstrllpAn>c = <ﬁ G A")C (1.160)

< [j An> (1.161)

ﬁ AS (1.162)

m=1n=m

= lim inf AS (1.163)

3

Cs i3
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and
o0 (o] c
C
(limiann) = (U N An> (1.164)
m=1n=m
=N (ﬂ n) (1.165)
m=1 \n=m
= U 4 (1.166)
m=1n=m
= limsup A, (1.167)
which completes the proof. O

The following Theorem shows that the lower limit is a subset of the upper limit.

THEOREM 1.64 (Inclusions). Consider a countable sequence of sets Ay, As,
As, .... Then,

liminf A, C limsup A,. (1.168)
n n

Proof Note that if B C liminf, A,, it follows that there exits an n € IN such
that for all £ > n, B C Aj. This implies that for all n € IN, there exists at least
one k > n such that B C A, which implies that 5 C limsup,, A,. This shows
that liminf, A,, C limsup,, A,. O

When the upper and lower limit are identical, it is said that a limit exits. The
following theorem introduces a couple of cases in which a limit exits.

THEOREM 1.65. Consider a countable sequence of sets Ay, Aa, As, ....
Then, if A, T A or A, | A, it follows that

liminf A,, = limsup A,,. (1.169)

Proof Consider that A, 1 .A. Then, it follows that A; C Ay C A3 C ..., which
implies that for all m > 0,

(a) G A, = A; and

(b) ﬂ An = Am.-

From (a), it follows that

limsup A, = [ |J An=[) A=A (1.170)
n m=1

m=1n=m
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and from (b), it follows that

liminf A, = ) () An= ] Am=A (1.171)
m=1n=m m=1

The proof in the case in which A,, | A follows similar steps, and this completes

the proof. O

Set Fields and o-fields

In order to introduce the notion of set fields and o-fields, some new notations
must be introduced. In the following, sets whose elements are sets are denoted
by calligraphic script letters, e.g., &, B, €, ..., Z. Thus, the notation A € &
denotes that the set A is an element of the set <. Moreover, both A and &/ are
referred to as sets and further distinction is made only when needed.

Given a set O, a set field or a set algebra is a set % of subsets of O that
satisfy the axiom of closure under complements and under finite unions. A formal
definition is provided hereunder.

DEFINITION 1.66 (Set Field). Let .# be a set of subsets of O. Then, .7 is
said to be a set field if it is closed under complements and finite unions,
that is,

° (969;
o VAe 7, A€ F; and
e for all sequences of subsets A1, As,..., A, in Z#,

JA ez, (1.172)
t=1

where n < oo, and complements are with respect to O.

Note that if .% is a set field of @, it holds from the definition that O € .% and
thus, O° = () € .#. That is, the empty set is part of any set field.

Note that set fields are also closed under finite intersections. Consider for
instance the sets Aq, As, ..., A, in %, with n < oo, then

ﬁ&—(@ﬁ)eﬂ, (1.173)
=1 =1

which follows from the fact that set fields are closed under complements and
finite unions.

A o-field is a set field whose elements satisfy the axiom of closure under count-
able unions.
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DEFINITION 1.67 (o-field). Let .# be a set of subsets of O. Then, .Z is
said to be a o-field (or set o-algebra) if it is closed under complements and
countably infinite unions, that is,

o Oec .7,
o VAc F A€ F; and

(oo}
e for all countable sequences of subsets Ay, As, ... in %, U A € F.
t=1

Following the same reasoning as above, it follows that every o-field contains
the empty set; and every o-field is closed under countable intersections.

The largest o-field on a set O is the collection of all possible subsets of O,
Often this collection is referred to as the power set (Definition of O and it
is denoted by 2°. Alternatively, the smallest o-field on a set O is the collection
of two sets: O and the empty set ().

Given a subset A C O, the smallest o-field % on O containing A is the
collection { A, A¢, O, 0}. Note that if ¢ is a o-field on O that contains A, then it
also contains A, O and ), and thus, .# C 4. Hence, the o-field .# is contained
in any o-field that contains A. That is, .% is the smallest o-field on O containing
A.

Given a collection .7 of subsets of O, the smallest o-field containing .7 is
referred to as the o-field induced by %, and it is denoted by o().

Given two o-fields ¥ and ¢, with 4 C %, it is said that ¢ is a sub o-field of
Z and % is a refinement of 4.

A o-field that plays a key role in the following chapters is the Borel o-field.

DEFINITION 1.68 (Borel o-Field). The Borel o-field on R", with n € N, is
the smallest o-field on R™ containing all open subsets of R™.

Note that in Section [[.5.1] it has been shown that in R, intervals of the form
[a,b], ]a,b], [a,b], and ]a,b[, with (a,b) € R? and a < b, can be obtained as
the limit of decreasing sequences of open sets. Similarly, by the closeness under
complements, it could be verified that #(R) also contains the sets | — o0, al,
| — 00, al, 1b,00] and [b, ool.

Borel o-fields can be defined in any subset of R. The Borel o-field in a specific
interval A € #(R) is denoted by

B(A) 2 {ANB:Bc BR)}. (1.174)

Hence, #(A) is a o-field on A.

Set operations among o-fields might form other o-fields. This is the case of
the intersection, but not necessarily the case of unions. The following theorems
highlight these observations.
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THEOREM 1.69. Let F and 4 be two o-fields of O. Then, F NY is also a
o-field of O.

Proof First, note that O € .% and O € ¢ due to the assumptions that .% and
& are both o-fields. Hence, O € % N¥. Second, note that for all A € F N¥,
it holds that A € .% and A € 4. From the assumption that both .% and ¢ are
o-fields, it holds that A° € .% and A € 4. Therefore, A° € F NY.

Finally, note that for all sequences of subsets Aj, As,... in .% N'¥Y, it holds
that Vt € N, A, € .# and A, € ¢4. This implies | J,o; A; € Z and |J,o, A € 9.
Therefore | J;2, Ay € F NY. This verifies that .# N¥ satisfies the conditions in
Definition [1.67] which completes the proof. O

THEOREM 1.70. Let & and &4 be two o-fields of O, with |O| > 1. Then,
F UY is not necessarily a o-field of O.

Proof The proof is a simple counter example in which the union of two o-fields
of O, denoted by # and ¢, does not form a o-field. Assume that A and B are
two nonempty proper subsets of O such that AUB # A; AUB # B; B # A; and
A° = . These assumptions ensure that AU B # 0; and AU B # O. Moreover,
note that AU B # A® and AU B # B°.

The following o-fields:

F 2 {A A%,0,0}, (1.175)
and
¢ £ {B,B%,0,0}, (1.176)

satisfy that 7 U¥ = {A, A%, B, B, 0, (}. Hence, # U¥ is not a o-field, because
Ace FUY and Be ZFUY, but AUB ¢ % U%Y. This completes the proof. [

Set-Valued Functions

Given two sets A and B, a function f is a binary relation (Definition
between A and B that assigns an element of B to each element of A. That is, for
all a € A, there is an element of B assigned to a, denoted by f(a) € B. When
B C R, the function f is said to be a real-valued function. More specifically, when
B C [0, 00[ or B C]—00, 0], the function f is said to be nonnegative or nonpositive,
respectively. Otherwise, when B CJ0, 0o or B C] — 00, 0[, the function f is said
to be positive or negative, respectively.

Often, the elements of A and B are respectively said to be the arguments and
the values of the function f. The set A is often referred to as the domain of
f, whereas the set B is referred to as co-domain, range, or image of f. In the
following sections, functions are defined in two steps. First, domain and image
sets are defined using the notation f : A — B. Second, given an argument a in A,
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the correspoding element f(a) in B is determined by a mathematical expression.
Consider for instance the quadratic function, e.g., f : R — R and for all x € R,
fz) =22

For all C C A, the notation f(C) describes the following set:

fi©)&{beB:b= f(a),a €C}, (1.177)

which is referred to as the image of C via the function f. Note that f(C) is an
abuse of notation given that the function f accepts as arguments the elements of
A instead of subsets of A. Clarifications are going to be provided when needed,
otherwise, this abuse of notation will be accepted and often used in the remaining
sections.

On the other hand, the functional inverse of the function f : A — B is denoted
by f~!: B — 24, where 24 denotes the power set of A (Defintion . That
is, given an element b in the image of f, that is, b € B, the following holds:

fl)={a€ A: f(a) = b}, (1.178)

which is a set. In general functions whose image is a set of sets are referred to
as set-valued functions. In particular, the inverse function f~! is a set-valued
function. With an abuse of notation, given a subset D C B, the notation f~1(D)
denotes the following set:

YD) & {ac A: f(a) € D}, (1.179)

which is referred to as the pre-image of D via the function f.
The inverse function satisfies some properties that reveal useful in the next
chapters.

THEOREM 1.71. Given two sets A and B, consider a function f : A — B.
Then, the inverse function f~' : B — 24 satifies:

o Forallac A, ae f~1(f(a));

o fH0)=10;

° fﬁl(B) =A;

e Given a subset CC B, f~Y(B\C) = f~1B)\ f~1(C)

Given a collection By, Ba, ..., By, of subsets of B,
B Uf Y(B;) and (1.180)
Jj=1
N B ﬂf L (1.181)
j=1 j=1
Proof See Homework 1. O

Given two functions f : A — B and g : B — C, the function h : A — C defined
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by h(z) = g(f(x)), with « € A, is the composition of g and f. The function h is
also denoted by g o f.

THEOREM 1.72. Given the sets A, B, and C, consider the functions f :
A — B and g: B — C. Then, the composition of g with f, denoted by go f,
satisfies:

(gof) ' =f"og . (1.182)

Proof See Homework 1. O



Integration

The development of the theory of integration has been motivated by different
objectives. On one hand, integration can be seen as a tool for the calculation
of areas of shapes that are formed under the curve of certain functions. More
specifically, given a positive bounded function f : [a,b] — R, with —oc0 < a <
b < 400, it might be of particular interest to calculate the area of the surface
formed by the points in the set

{(z,9) eR*:a <2< b0<y < flo)l, (2.1)

which is often referred to as the area under the curve of f. Nonetheless, this
problem is not different from the calculation of lengths, areas and volumes of
geometric figures, which dates back to the ancient Greece (500 - 200 B.C.). In
this regard, this chapter focuses only on relatively recent contributions during
the XIX century. In particular, this chapter shows that the formulations of the
integral proposed by Darboux and Riemann successfully contribute to solving
the problem of areas under certain functions. Darboux’s and Riemann’s integrals,
when they exist are equivalent to each other, and are equivalent to the area under
the curve in the case of positive continuous functions, for instance.

On the other hand, integration can be seen as the inverse operation of dif-
ferentiation. This perspective is due to the contributions of Isaac Newton and
Leibniz during the last years of the XVII and the dawn of the XVIII centuries.
Darboux’s and Riemann’s integrals reveal exciting connections between integra-
tion and differentiation. Let F' : R — R be a continuous function and denote
its derivative by f : R — R. When the Riemann’s integral of f on [a,b], with
—00 < a < b< +00, exists, it follows that

b
/ F@)de = F(b) — Fla). (2.2)

This is in line with the intuition that the integral of the derivative of a function
must be equal to the original function. Nonetheless, in general, the Riemman’s
integral of the derivative of an arbitrary function does not necessarily exists.
The notion of integral in which the equality in holds always true was pro-
posed by Arnaud Denjoy (Denjoy 1912). Nonetheless, this definition of integral
is known today under the name Henstock—Kurzweil integral, due to the impor-
tant contributions of Jaroslav Kurzweil and Ralph Henstock, who extensively
developed this theory.
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The most impactful contribution to the theory of integration was undoubtedly
made by Henri Lebesgue during his thesis in 1902. The impact of the notion of
integral proposed by Lebesgue stems from the fact that it allows integrating a
larger class of functions; and unifies the problem of finding a function knowing
its derivative; and the problem of calculating the area under its curve. Despite
the generality of Lebesgue integral, it is always possible to find a function whose
derivative is not integrable in the sense of Riemman and Lebesgue, but in the
sense of Henstock—Kurzweil. This highlights the fact that there is no general
theory of integration, or at least there is no definition of integral that unifies all
what one can expect of such an operation.

Finally, it is important to highlight that, the contributions of Lebesgue opened
a new field in mathematical analysis, the theory of measure, which is studied later
in this chapter.

Notation

In order to introduce the definition of integral, in the sense of Darboux, Rie-
mann, and Lebesgue, two new objects are introduced: subdivisions and tagged
subdivisions.

A subdivision is a set of points in R that can be used to form a finite number
of subsets within a given interval.

DEFINITION 2.1 (Subdivision). Given an interval [a,b] € R, with co < a <
b < 00, a subdivision R = {to,t1,...,t,} on [a,b], with n < oo, is a subset
of R whose elements satisfy

a=tg<t1 <...<tp_1<t, =0 (2.3)

Infinitely many subdivisions can be formed on an interval [a,b], with a < b,
while no subdivision can be formed if @ = b. Subdivisions on a given interval
are defined under the assumption that such interval is both closed and bounded,
which implies that subdivisions are defined only on compact subsets of R (Defi-

nition [1.38]).

Every subdivision R on a compact interval [a, b] induces a collection of perfect

subsets (Definition [1.48) of [a, b] of the form, [to, 1], [t1,¢2], - - -, [tn_1,ts], which
are almost disjoint (Definition [1.51)). These sets [to,t1], [t1,%2], -+ [tn—1,tn],

form an exact cover of [a,b] (Definition [1.54]) given that
abQU i—1,t] C [a,b]. (2.4)

A parameter that describes a subdivision is the length of its widest interval.
This parameter is referred to as the mesh or norm of the subdivision.
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DEFINITION 2.2 (Mesh or Norm). Given a subdivision R = {zg, 21,...,Zn}
on a compact set [a, b], with a < b, the mesh or norm of R is a positive real
denoted by §(R), and

§(R) = —z1). 2.5
( te{ﬂé‘,’ﬂn}(“”t Ti-1) (2.5)

The larger the cardinality of a subdivision, the finer intervals it induces. From
this perspective, a subdivision R can be said to be a refinement of another
subdivision R’ if it satisfies the following definition.

DEFINITION 2.3 (Refinement). A subdivision R on a subset [a,b] € R, with
a < b, is said to be the refinement of another subdivision R’ if R’ C R,
with strict inclusion.

Definition [2.3]leads to the following theorem.

THEOREM 2.4 (Meshs and Refinements). Given two subdivisions R and R’
on a subset [a,b] € R, with a < b and R a refinement of R', it holds that

5(R) < 6(R). (2.6)

Proof See Homework 1. O

When each of the intervals [t;_1,¢;] in (2.4)) is associated with a real g;, such
that ¢; € [t;—1,1;], a tagged subdivision is formed.

DEFINITION 2.5 (Tagged Subdivision). Given an interval [a,b] € R, with
—00 < a < b < 00, a tagged subdivision is a tuple (R, Q), where R is a sub-
division on [a, b] of the form R = {xo,z1,...,2,}; and Q = {q1,42,-.-,qn}
is a set such that for all i € {1,2,...,n},

¢ € [ri—1, 4] (2.7)

Note that given a tagged subdivision (R, Q) it holds that |Q| = |R| — 1 = n,
for some integer n < co.

Darboux’s Integral

The definition of integral proposed by Jean-Gaston Darboux in 1875 (Darboux
1875) arrived after Georg Friedrich Bernhard Riemann had already proposed his
own definition in 1854, which was published in 1868 (Riemann 1868). Later in
this chapter, it is shown that Darboux’s formulation of the integral is a special
case of Riemann’s general formulation. Nonetheless, through the following sec-
tions, it will become evident that Darboux’s formulation is easier to treat. More
interestingly, it is shown that these two definitions are implications of each other.
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In order to introduce the definition of the integral of Darboux, consider first
his definitions of lower and upper sums.

DEFINITION 2.6 (Darboux’s Sum). Given a bounded function f : [a,b] — R,
with —o0 < a < b < oo, and a subdivision R = {xg,21,...,2,} on [a,b],
the following sums

Hl>

Z — T (e[sup f(y)) and (2.8)

= Tj—1,%5]

i - 1( inf f(y)>, (2.9)

—) yE[w;—1,25]

III>
L

<.

are Darboux’s upper and lower sums.

The fact that Darboux’s sums are defined over bounded functions, ensures that

both supycry, , 4,1 f(y) and inf ez, o, f(y) in (2.8) are finite for all intervals
induced by the subdivision R. The following theorem formalizes this observation.

THEOREM 2.7. Given a bounded function f : [a,b] — R, with —0co < a <
b < 00, and a subdivision R = {xo,x1,...,2n} on [a,b], it follows that

o <t6-0) 3, ) < 2401 < DsR) < -0, ) <o
(2.10)

Proof See Homework 1. O

The lower and upper sums of Darboux exhibit some properties and two of
them are central for the definition of Darboux’s integral. The first property is
on the effect of refinements on the value of the sums.

THEOREM 2.8. Consider a bounded function f : [a,b] — R, with —oo <
a <b< oo, and let R and R’ be two subdivisions on [a,b], such that R is a
refinement of R'. Then, it holds that

D;(R') < Dy(R) < Dy(R) < D(R). (2.11)

Proof See Homework 1. O

The second property is on the apparent trivial fact that any upper sum is
bigger than any lower sum.

THEOREM 2.9. Consider a bounded function f : [a,b] = R, with —oco < a <
b < oo, and let R and R’ be any two arbitrary subdivisions on [a,b]. Then,
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it holds that
D;(R) < Ds(R'). (2.12)

Proof See Homework 1. O

Theorem implies that by further dividing the interval [a, b] through refine-
ments of the initial subdivision, the Darboux’s lower and upper sums approach
to each other. Alternatively, Theorem [2.9] establishes that any Darboux’s upper
sum is not smaller that any Darboux’s lower sum.

Some functions f : [a,b] — R satisfy that the lower and upper Darboux’s
sums D (R) and D¢(R) can be made arbitrarily close for some relatively coarse
subdivisions. These functions form a special class of real-valued functions known
as elementary simple functions.

DEFINITION 2.10 (Elementary Simple Functions). Counsider a function f :
[a,b] — R, with —co < a < b < o0, for which there exists at least one
partition of [a, b] formed by elementary sets A1, As, ..., A, with m < oo
and for all z € [a, b],

f@) = alizea, (2.13)
t=1

where for all i € {1,2,...,m}, a; € R. Then, the function f is said to be an
elementary simple function.

Elementary simple functions exhibit an important property.

THEOREM 2.11. Let f : [a,b] = R, with —0o < a < b < 0o, be an elemen-
tary simple function of the form in (2.13). Then, for all € > 0, there always
exists a subdivision R = {xg,x1,...,Zn} on [a,b], with n < oo, such that

Df(R) — Ds(R) <e. (2.14)

Proof See Homework 1. O

The definition of Darboux’s integral is introduced in terms of both the Dar-
bouzx’s lower integral and Darbouz’s upper integral.

DEFINITION 2.12. Given a bounded function f : [a,b] — R, with —co <
a < b < oo, the values
D} £ inf{D; (R) : R is a partition on [a,b]} and (2.15)
D} £ sup{D; (R) : R is a partition on [a, b]}, (2.16)

where the supremum and the infimum are with respect to all subdivisions
on [a, b], are respectively the upper and lower integrals of Darboux.
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Using Definition Darboux’s integral of the function f : [a,b] — R, which
is denoted by

b
/ f(z)dz, (2.17)

can be defined as follows.

DEFINITION 2.13. Given a bounded function f : [a,b] — R, with —co <
a < b < oo, for which

D} = D3, (2.18)

the Darboux’s integral is

b
/ f(z)dz £ D} = Dj}. (2.19)

The condition Q} = D;ﬁ is known as integrability condition. The functions that
satisfy Darboux’s integrability condition are said to be integrable functions in
the sense of Darboux. A more formal definition of integrability is the following.

DEFINITION 2.14. A function f : [a,b] = R, with —co < a < b < oo, is
said to be integrable in the sense of Darboux if for all € > 0, there exists a
subdivision R such that

Df(R) = Ds(R) <e. (2.20)

From Definition and Theorem the following corollary formalizes an
important observation.

COROLLARY 2.15. All elementary simple functions are integrable in the
sense of Darboux.

Elementary simple functions play a central role in the construction and anal-
ysis of the notion of integral. The following theorem shows that all integrable
functions can be approximated with arbitrary precision by elementary simple
functions.

THEOREM 2.16. Given a bounded function f : [a,b] = R, with —o0o < a <
b < 00, and a subdivision R = {xg,21,...,Zm} on [a,b], with m < oo, the
following functions

m

Fr(@) =Y e, 1oy sUD f(y), and (2.21)
t=1

YE[Te—1,¢]

Elre—1,¢]

iR(I) = Z ]l{ze[wt,l,mt[} Y inf f(y)7 (222)
t=1 :
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satisfy the following inequalities for all x € [a, b,
(@) < f(@) < frlo). (2.23)

Moreover, for all € > 0, there exists a subdivision R’ such that:

b b
/ fR/(aj)dx—/ [ /(@)de <e (2.24)

Proof See Homework 1. O

Using Theorem [2.16] Darboux’s lower and upper integrals of an arbitrary
bounded function f can be alternatively defined in terms of the Darboux’s lower
and upper integrals of elementary simple functions that approximate f.

b
D} = sup {/ g(z)dz € R : g is elementary simple, Vz € [a,b], g(z) < f(;v)} ;

(2.25)
and
- b
D} = inf {/ g(x)dx € R : g is elementary simple, Vx € [a,b], f(z) < g(x)} .
(2.26)

The equalities in (2.25) and (2.26) lead to an interpretation of Darboux’s
lower and upper integrals of f in terms of the area under the curve of f. This
interpretation is developed in the following section.

Area under the Curve

This section shows that if the Darboux integral of a positive function exists, its
value is identical to the area under its curve. In the case of arbitrary functions, it
is shown that if the Darboux integral exists, then its value is exactly the difference
between two values that can be associated to the areas under the curve of certain
functions.

Case of Positive Elementary Simple Functions

Corollary leads to an insightful connection between the area under the
curve of an elementary simple function and its Darboux’s integral. Consider an
elementary simple function f : [a,b] = R, with —oco < a < b < 00, such that for
all z € [a, b],

f@) = alizea (2.27)
t=1
where for all i € {1,2,...,m}, with m < 00, 0 < a; < co0; and Ay, Az, ..., Ap,

form a partition of [a,b]. Without any loss of generality, assume that A;, As,
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..y Ay, are convex intervals. Consider also a subdivision R = {z¢,21,...,2p}

n [a,b], with m < p < oo satisfying the following conditions. For all i €
{1,2,...,m}, max{a,inf A; — 6} € R and min{b,sup A; + 6} € R, with § > 0
being a constant chosen arbitrarily small. Hence, Darboux’s integral satisfies the
following:

b P
/af(x)dx ;xt_xt 1 (9%4-23315_1)

where for all j € {1,2,...,p}, f (Iﬁ%) = ay,, for some s; € {1,2,...,m}.
Therefore, Zle(xt — xt_1)as, is the sum of the areas of p rectangles. Note that
for all t € {1,2,...,p}, the t-th rectangle has a base of length (z; — x;—1) and
height as,. Note that since J in (2.28]) can be chosen arbitrarily small, the area
of the rectangles whose base is 26 have limited impact in the value of Darboux’s

<2pé sup f(y). (2.28)
y€la,b]

integral. Hence, Darboux integral of a non-negative elementary simple function
f:]a,b] = R, with —oo < a < b < 00, corresponds exactly to the area of the
following set in R2,

{(z,y) eR*:a <2 <b,0<y < fx)l, (2.29)

which is the area under the curve of f.

Case of Elementary Simple Functions

Following the same order of ideas, the same analysis holds for arbitrary elemen-
tary simple functions. In this case, the Darboux integral of a elementary simple
function f : [a,b] = R, with —co < a < b < o0, corresponds exactly to the
difference of the areas of the following sets in R?,

{(z,y) € R?:a<2<b0< max{O f(z)}} and (2.30)
{(z,y) eR*:a <z <b, mln{O f(z <0}. (2.31)

To formalize this observation, consider the positive and negative parts of a
given real-valued function f.

DEFINITION 2.17. Given a real-valued function f : [a,b] — R, with —oo <
a < b < oo, its positive part and negative part are non-negative functions
respectively denoted by f¥ : [a,b] — Ry and f~ : [a,b] — R4 such that for
all z € [a, b],
f(x) = max{f(x),0} and (2.32)
§~ (@) & — min{/(x),0}. (2.33)

Using Definition [2.17] the discussion above can be trivially formalized as follows.

THEOREM 2.18. Let f : [a,b] = R, with —oo < a < b < 00, be an elemen-
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tary simple function. Then, the positive and negative parts of f satisfy

/a " fla)de = / ! (e / ’ - (@)de. (2.34)

Proof See Homework 1. O

Note that both f~ and f* in (2.34) non-negative elementay simple functions
whose integrals are respectively the areas of the sets in (2.30) and in (2.31)).

Case of Positive Bounded Functions

The connections between Darboux’s integral and the area under the curve can
be extended to the general case of bounded functions. Consider first the case in
which the function f in Theorem is positive. Hence, the functions f . and
fr in are both positive elementary simple functions and thus integrable.
From the assumption that f is positive and integrable, it follows that

/a b o (@)da < / ’ F(z)de < / ’ Fr(z)dz. (2.35)

In this case, the inequalities in imply that the Darboux integral of the
function f is: (a) lower bounded by the integral of a simple function f, that
is always smaller than f; and (b) upper bounded by the integral of a simple
function fr that is always bigger than f. Hence, Darboux’s integral of a positive
bounded function is a positive real number lower bounded by the area under
the curve of f . and upper bounded by the area under the curve of fr. From
Theorem it follows that the subdivision R in can be refined such that
the area under the curve of f . and fr are arbitrarily close to each other. This
implies that the Darboux’s integral of a positive bounded function, if it exists,
it is equivalent to the area under the curve of such function.

Case of Bounded Functions
Using Definition 217} the discussion above can be trivially extended to the case
of arbitrary bounded functions.

THEOREM 2.19. Let f : [a,b] — R, with —co < a < b < 00, be a bounded
function, integrable in the sense of Darbouz. Then, the positive and negative

parts of [ satisfy

[ = [ s [ 5w 230

Proof See Homework 1. O

From Theorem (2.19)), it holds that the Darboux integral of an arbitrary
bounded function is the difference between the areas under the curve of its cor-
responding positive and negative parts.
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Geometric Interpretation of Darboux’s Integrability
Riemann’s Integral
The Riemman’s integral, as introduced in (Riemann 1868), is defined in terms

of Riemman’s sums. In contrast to Darboux’s sums, which uses subdivisions, the
Riemann’s sum uses tagged subdivisions.

DEFINITION 2.20 (Riemann’s Sum). Given a bounded function f : [a,b] —
R and a tagged subdivision (R, Q) on [a,b], with —co < a < b < oc;
R ={z0,21,...,2n}; and Q = {q1,¢2,...,qn}, the following sum

Rp(R,Q) 2> (xj-1 — ;) f(q), (2.37)

j=1

is a Riemann’s sum.

Riemann’s sums are defined over bounded functions, which ensures that given

a tagged subdivision (R, Q) on [a, b], it holds that for all ¢ € Q in Definition [2.20]
f(g) < oo. More precisely, for all t € {1,2,...,n}, it holds that

inf ) < fla) < sup f(y). (2.38)

yElze—1,m¢ yE[Ti—1,2¢)

The inequalities in ([2.38)) suggest that the Riemann’s sum in (2.37)) would be
a Darboux’s lower or upper sum if the tagged subdivision is such that for all

i€{1,2,...,n},

gi=arg inf  f(y), or (2.39)
YE[re—1,m]
gi=arg sup f(y), (2.40)

YE[Tr—1,]

respectively. Nonetheless, the implications of this observation are more profound.

THEOREM 2.21 (Sums of Darboux and Riemann). Let f : [a,b] — R, with
—00 < a < b< oo, be a bounded function and let R = {xg,21,...,2,} be a
subdivision on [a,b]. Then, for all tagged subdivisions of the form (R, Q), it
holds that

D;(R) < Ry (R, Q) < Dy(R). (2.41)

Proof See Homework 1. O

The Riemman’s integral of a bounded function f : [a,b] — R, with —co < a <
b < oo, which is denoted by

b
/ f(z)dz, (2.42)

is defined as the limit, if it exists, of the Riemann’s sum R; (R, Q) when the
mesh of R tends to zero.
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DEFINITION 2.22 (Riemann’s Integral). Given a bounded function f : [a, b] —
R, with —co < a < b < o0, its Riemann’s integral is

b
/ f(z)dxéé(lim Rs (R, Q), (2.43)

R)—0

when the limit exists.

From Definition [2.22] it follows that a condition for the existence of the integral
is the existence of the limit in . A function for which such a limit exists
is said to be integrable in the sense of Riemann, which leads to the following
definition.

DEFINITION 2.23 (Integrability). Given a bounded function f : [a,b] — R,
with —oo < a < b < oo, it is said to be integrable in the sense of Riemann,
with integral equal to f; f(z)dz, if and only if for all € > 0, there exist a
tagged subdivision (R, Q) such that

b
/ f(z)dz — Ry (R, Q)| < e. (2.44)

Given that by adopting certain choices in the definition of the tagged subdi-
vision in a Riemann’s sum, Darboux’s lower and upper sums can be obtained as
special cases, Riemann’s sums can be seen as a more general definition. Nonethe-
less, the notion of Riemann’s integral is not more general than Darboux integral.
More interestingly, the existence of either integral implies the existence of the
other. When they exist, the values of these integrals are identical. The following
theorem formalizes these statements.

THEOREM 2.24. Consider the function f : [a,b] = R, with —co < a < b <
0o. Then, the following statements are equivalent:
(i) The function f is integrable in the sense of Riemman;
(i) The function f is integrable in the sense of Darbouzx; and
N b _ Px 1
(#i) [, f(z)dzx = D} = D} = limsr)—0 Ry (R, Q).

Proof See Homework 1. O

Riemann Integrable Functions

In the previous section, it was shown that elementary simple functions are inte-
grable in the sense of Darboux, and thus, are integrable in the sense of Riemann
as well. Given that Darboux’s integrability and Riemann’s integrability condi-
tions have been shown to be identical, in the following, the distinction between
these integrals is dropped. This said, the following theorems introduce more
general classes of functions that satisfy the integrability condition.
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THEOREM 2.25. Let f : [a,b] = R, with —co < a < b < 00, be a continuous

function. Then, the function f is integrable.

Proof See Homework 1. O

The result in Theorem [2.25|can be generalized to functions that are piece-wise
continuous. These functions are defined hereunder.

DEFINITION 2.26 (Piece-wise Continuity). Given a function f : [a,b] — R,
with —0o < a < b < o0, it is said to be piece-wise continuous if there exists
a subdivision R = {zg,21,...,Zm} on [a,b], with m < oo, such that for
all t € {1,2,...,m}, the restriction of f on the interval Jz;_1,x:] can be
extended to a continuous function on [z;—1, z+].

THEOREM 2.27. Let f : [a,b] = R, with —co < a < b < 00, be a piece-wise
continuous function. Then, the function f is integrable.

Proof See Homework 1. O

The continuity condition for integrability can be replaced by a milder condition
on the shape of the function. The following definitions introduce some conditions
on the shape of functions.

DEFINITION 2.28 (Increasing and decreasing functions). Given a function
f:]a,b] = R, with a < b, it is said to be increasing or decreasing if for
all pairs (x1,72) € [a,b]?, with x; < , it holds that f(z1) < f(x2), or
f(x1) > f(x2), respectively.

Denominations of the form nondecreasing or nonincreasing are often used. The
former refers to functions for which given a pair (z1,x2) € [a, b]?, with 21 < 2,
it holds that f(x1) < f(x2), whereas the latter, refers to functions for which

f(x1) = f(x2).

DEFINITION 2.29 (Monotonic functions). A function f : [a,b] — R, with
a < b, is said to be monotonic if it is either increasing or decreasing.

The integral of monotonic functions exhibits the following property.

THEOREM 2.30. Let f : [a,b] = R, with —o0o < a < b < 00, be a monotonic
function. Then, the function f is integrable.

Proof See Homework 1. O

The composition of integrable functions is integrable under certain conditions.
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THEOREM 2.31. Let f:[a,b] > R and g: R = R, with —o0o < a < b < 00,
be an integrable function and a continuous function, respectively. Then, the
composition g o f is integrable on [a,b].

Proof See Homework 1. O

Properties of Riemann’s Integral

THEOREM 2.32. Let f :[a,b] = R and g : [a,b] = R, with —c0o < a <b <
00, be two integrable functions. Then, the following holds:

e ForallceR,
b b
/ cf(x)dx:c/ f(z)dz; and (2.45)
b b b
/ f(z) 4+ g(x)dx = / f(z)dz —|—/ g(z)dz. (2.46)
o If for all x € [a,b], f(x) < g(x), then

/ab fl@)dz < /ab g(x)dx. (2.47)

o Forallc€ [a,b],

/C f(z)de =0; and (2.48)

/abf(fl?)dz/acf(x)der/cbf(x)dx. (2.49)

Proof See Homework 1. O

The Extended Real Numbers

In the previous sections, the integral has been defined only for bounded func-
tions defined within a compact interval. In Section it was argued that the
integral of the function f : [a,b] — R can be approximated by the integral of an
elementary simple function that approximates the function f. This approxima-
tion, which can be made arbitrarily precise for all integrable functions, highlights
the fact that the integral is a sum of infinitesimally small signed areas of rect-
angles. The base of those rectangles is defined by the partition on [a,b] that
defines the elementary simple function, whereas, their heights are determined by
the value of the function f. Their areas are said to be signed as they carry the
positive or negative sign of the corresponding values of f. In the case in which
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f is unbounded, there might be at least one rectangle whose area is arbitrarily
large. This translates into a sum of some finite numbers and some numbers that
are arbitrarily away from zero. To study these sums, the set of real numbers
must be equipped with some additional elements.

In previous sections, the symbols used to identify the real numbers whose
absolute values are arbitrarily large are —oo and +oo. That is, for all z € R,
—00 < x < 400, with strict inequalities. Hence, the set of extended real numbers,
denoted by R, is defined as follows:

R £ RU {+00, —00}. (2.50)
This said, for all a € R, the intervals [a, +0], ]a, +00], [0, a], and [—oo, a|
are proper subsets of R, and R = [~00, +00] . The new elements, —oo and +oo,

are adopted under the following assumptions, for all a € R:

a + 400 =+00 + a = +o0; and (2.51)
a + —00=—00 + a=—o00. (2.52)

Moreover, for all a € R\ {0},

0 4o00=+c0 - 0=0; and

la - +00 = 400 - |a| = 4o0; (2.53)
—la| - +00 =400 - —|a| = —o0; (2.54)
la| -+ —00 = —00 - |a] = —o0; (2.55)
—la| - —00 = —00 - —|a| = o0; (2.56)
(2.57)

(2.58)

0-—-0c0o=-00-0=0.

Despite these rules, some operations remain undetermined. For instance, +o0o —
+00, =00 + 400, +00 + —o0, T22, =2, 72 and T2 are undetermined quanti-
ties. These mathematical indeterminations constraint conclusions that are obvi-
ous when dealing with finite real numbers. For instance, nothing can be concluded
from the inequality a + 400 < b+ +00 in terms of either a < b or a > b.

This said, the integral of a positive unbounded function can be zero or +oco.
The former arises when the set A = f~1(+00) C R is finite. This is explained
from the fact that all those rectangles whose height is arbitrarily large have a
base of length zero. Thus, given that 0-+oco = 0, the areas of those rectangles do
not have any impact in the sum of areas, which remains finite. The latter arises
when A = f~!(+00) C R and intA is not empty. In this case, there must be at
least one rectangle whose height is +0o and whose base is bounded away from
zero. In this case, the sum contains at least one term that is 400, and thus, the
integral is +o00. In either case, the integral is said to exist, even if it is equal to
00.

Alternatively, arbitrary functions f : [a,b] — R for which their integral is the
difference of the integral of f* and the integral of f~ (Theorem, the result
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might be an undetermined form, e.g., —oo 4+ 400 or +00 + —oc. In this case, the
integral is said not to exist.

In a nutshell, the integral of positive functions always exists. This is an immedi-
ate consequence of the following observation. Given a (countable or uncountable)
set A, for all a € A, let z, € [0,400] be fixed. Hence, it follows that

> za €0, 400). (2.59)
acA

More interestingly, the sum can be reordered and it does not affect the result.
That is, let f : B — A be a bijective function. Then, the following holds:

Z (Ef(ﬁ) = Z Lo (260)

BeEB acA

The equality in (2.60)) does not necessarily hold if the condition z, € [0, +00]
is replaced by z, € R, for all « € A, when | A| = co. The following theorem, due
to Riemann, formalizes this observation.

THEOREM 2.33 (Riemann’s reordering theorem). Let aj,as,... be a se-
quence of real numbers such that

—+oo
—00 < Zat < 400, and (2.61)
t=1
—+oo
> lar| = +oo. (2.62)
t=1
Then, for all M € R, there always exists a bijection f: IN — IN, such that
—+o0
> apw =M. (2.63)
t=1
Proof See Homework 1. O

Under the conditions of Theorem [2.33] rearrangements of the sum of signed
reals cannot be associated to a unique value. Therefore, in this case the sum is
undetermined. This observation plays a fundamental role in the case in which
integration is over functions whose domains are not compact, e.g., intervals of
the form | — 0o, a], with a € R. These cases are discussed further in this chapter.
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Limitations of Riemann Integral
Henstock—Kurzweil Integral
The Problem of Measure
Consider an increasing continuous function f : [a,b] — [« 8], with —c0 < a <
b < +o0o and —00 < a < ff < 400 , and note that any subdivision

X ={xo,x1,...,Tpn} (2.64)
on [a,b], with n < oo, induces a subdivision

Z=A{20,21,---,%n} (2.65)

on [o, O], such that for all t € {0,1,2,...,n}, 2z = f(x). Hence, from the
assumption that f is increasing, it holds that:

a=20<21<...<ZTp,=5b (2.66)
a=z0<21<...<zp=0. (2.67)

The function f is integrable in the sense of Riemann if the Darboux lower and
upper integrals,

Z zi—1(xs —x¢—1) and Z ze(xe — x4—1), (2.68)
t=1 t=1

become identical as the mesh of the subdivision X or Z tends to zero. Considering
that the mesh of & tends to zero was the idea used to define both Riemann and
Darboux integrals. Alternatively, considering that the mesh of Z tends to zero
is rather a new approach, which implies that the area under the curve can also
be calculated by subdividing the y-axis instead of the z-axis.

Note that the intervals [z, z1], [21,22], --+, [2n—1,2n], Which form an exact
cover of [a, f], induce an exact cover on [a, b] formed by the sets

[z, 2) = {x € [a,b] : 201 < f(z) < 2z} (2.69)

£ [‘rt—la It}? (270)

with 7, & f~1(2) and t € {1,2,...,n}.

Using this notation, two sequences of n rectangles are formed. In the first
sequence, the t-th rectangle has height z; and base (z; — x¢—1). In the second
sequence, the t-th rectangle has height z;_1 and base (x; —x¢—1). The area under
the curve, and thus the integral, is the limit of the Darboux’s lower and upper
sums in when the mesh of the subdivision Z tends to zero. In this case,
the base of the rectangles was easy to identify thanks to the assumptions that
the function f was continuous, bounded and increasing. Essentially, the base of
the rectangles induced by the subdivision Z on [«, ] is equal to the length of
the closed and convex intervals [x:—1,x¢], €.g., (Xt — T¢—1).
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When the assumption that the function f is increasing is dropped, the sets
FY([z¢—1, 2]) are such that it is less clear how to assume the base of the rect-
angles to calculate the areas under the curve.

Consider for instance the case of a concave function f : [—1,1] — [0, 1] for
which for all 2 € [—1,1], f(x) = 2. Then, for any arbitrary subdivision Z =
{z0,21,...,2n} of the interval [0, 1], it holds for all t € {1,2,...,n},

F 2z, 2]) = {= € [a, 0] : 21 < f() < 24} (2.71)
2 [~z vz U Va1, V) (2.72)

In this case, each interval [z:_1, 2] induces four vertical rectangles. Two rect-
angles, one located on the interval [—/z;, —/2z:_1] and one on the interval
[\/Zt—1,+/%t), have heights equal to z;_; and bases equal to \/z; — \/z;_1. The
other two rectangles, whose locations are identical to the previous ones, have
heights equal to z; and bases equal to \/z; — /z;—1. Darboux’s lower and upper
sums can be written in the following form:
n n
> 2(Va — E—1) -1 and Y 2(Vz — Va1 21, (2.73)
t=1 t=1
respectively. The limit of both sums as the mesh of the subdivision Z tends to
zero exist and are identical to the Riemann integral. Intuitively, Darboux lower
sum in can be interpreted as the sum of the areas of n rectangles whose

bases are 2 (\/Z — \/%), 2 (\/? — \/Z), e 2 (,/zn,l — \/Z) and their heights

are zg, 21, - - ., 2n_1, respectively. A similar observation can be made for Darboux
upper sum in .

In a nutshell, the set f~1([2;_1, 2]) is the union of two compact sets, which are
either disjoint or almost-disjoint sets, and thus, the base of the vertical rectangle
can be assumed to be the sum of the lengths of these two intervals. This justifies
the factor of two in .

Generalizing this method to arbitrary functions leads to the problem of finding
the corresponding length of the basis of the vertical rectangles induced by a
subdivision of the range of a function f, which can be | — oo, +o00[. This is
essentially equivalent to finding the length of the intervals f~1([z;_1, 2]) induced
by Z. This problem is an instance of the problem of measure, which consists in
associating a positive real to intervals of R. This positive real is the measure of
the set. This problem was formulated by Henri Lebesgue building on previous
works on measures, namely by Camille Jordan and Emile Borel. This said, the
problem of measure can be formulated for any type of sets, not necessarily subsets
of R™, with n € IN, but any kind of sets.

Jordan Measure and Jordan Measurable Sets

The Jordan measure applies to bounded subsets in R™, with n € IN, that can be
approximated by elementary sets with arbitrary precision. The Jordan measure
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of an elementary set, which can be expressed as a finite union of almost disjoint
boxes, is the sum of the volumes of such composing boxes.

Let &, denote the set of all elementary sets in R™. Hence, the volume of
elementary sets can be measured as follows. Let v, : &, — R be a positive
function, such that for all bounded generic boxes B =B X By X ... X B, € &,,
with B; C R an interval of the form [ay, bs], |as, be[, [at, b], or Jat, by] and —co <
a; < by < 4o0, for all t € {1,2,...,n}, it holds that

=[] - av). (2.74)

which is the volume of B. In the case of elementary sets, it holds from Defini-
tion that for all £ € &,, there always exists a finite partition of £ formed
by the sets Ai, As, ..., Ag, with k € IN. Thus,

k
€)= vulA), (2.75)

which is the volume of £. When, the argument of the function v, is the empty
set, it holds that:

vn(0) = 0. (2.76)

In a nutshell, the volume of a generic box A is the product of the lengths
of its sides. The volume of an elementary set A is the sum of the volumes of
its composing generic boxes. And finally, the empty set has volume zero. It
is interesting to note that an elementary set can be formed by infinitely many
different finite collections of disjoint boxes. That is, two different finite collections
of disjoint boxes might be such that their unions form the same set. Nonetheless,
the sum of the volumes of such sets is identical to the volume of the set they
form.

THEOREM 2.34. Let &, &, ..., & and D1, Dy, ..., Dy be two different
finite sequences of disjoint boxzes of R™, with (k,n,p) € N3, such that

k P

U U (2.77)
Then, the following holds,

P
ZU" D) = Z (2.78)
Proof See Homework 1. O

Essentially, Theorem [2.34] states that the volume of an elementary set is inde-
pendent of the boxes that are chosen to measure it.
These observations lead to the following properties:
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THEOREM 2.35. Let £ C R, with n € N, be an elementary set. Then,
v (€) 2 0.

Proof See Homework 1. O

THEOREM 2.36. Let &1, &, ..., & be a finite sequence of almost disjoint
elementary subsets of R™, with (k,n) € IN2. Then,

k k
t=1 t=1

Proof See Homework 1. O
THEOREM 2.37. Let &1, &, ..., E be a finite sequence of elementary subsets
of R™, with (k,n) € N? and & C & C ... C E. Then, the following holds,

Up (E1) <o, (&) < ..o <oy () - (2.80)

Proof See Homework 1. O

THEOREM 2.38. Let &1, &, ..., Ek be a finite sequence of elementary subsets

of R™, with (k,n) € N2. Then, the following holds,

k k
U (U gt> < 0, (&) (2.81)

Proof See Homework 1. O

Using these properties of the volume of elementary sets, a formal definition of
the Jordan measure is given in terms of the inner and outer Jordan measures.

DEFINITION 2.39 (Inner and Outer Jordan Measures). Let &, denote the
set of all elementary sets in R™, with n € N, and let A € &,. Then, the
inner Jordan measure of A is

m, (A) = sup vp (€); and (2.82)
£e{Deé&,:DCA}

the outer measure of A is

— A .
My, (A) = Se{Delgf,Lf:AgD} vn (€). (2.83)
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THEOREM 2.40. Let A be an arbitrary subset of R™, with n € IN. Then, the
following holds,

my, (A) < my (A). (2.84)

Proof See Homework 1. O

DEFINITION 2.41 (Jordan Measure). An arbitrary subset A of R”, with
n € NN, is said to be Jordan measurable if m,, (A) = m, (A). When A is
Jordan measurable, its Jordan measure is:

ma(A) £ m, (A) = mn, (A). (2.85)

THEOREM 2.42. Let A be an elementary subset of R™, with n € IN. Then,
A is Jordan measurable. Moreover, m,(A) = v,(A).

Proof See Homework 1. O

THEOREM 2.43. Let A be a bounded subset of R™, with n € IN. Then, the
following statements are equivalent:

(1) A is Jordan measurable; and

(#6)  For all € > 0, there always exist two elementary sets D and & that
satisfy D C A C &, such that:

vn (E\D) < e. (2.86)

Proof See Homework 1. O

The Jordan measure and the Riemann integral exhibit a relation that is worth
highlighting.

THEOREM 2.44. Let f : [a,b] = R, with —co < a < b < 00, be a bounded
function and let the sets
Ay ={(z,y) eR*:z € [a,0],0 <y < f(x)} and (2.87)
A ={(zy) e Rz € [a,b), f(z) <y <O)}. (2.88)

Then, the function f is Riemann integrable if and only if the sets Ay and
A_ are Jordan measurable. Moreover,

b
/ F@)de = ma(AL) — ma(AL). (2.89)

Proof See Homework 1. O
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Lebesgue Outer Measure

The Lebesgue measure is a generalization of the Jordan measure in the sense
that it applies to sets that can be approximated by infinitely countable unions
of elementary sets with arbitrary precision. Before introducing the formal defi-
nition of Lebesgue measure, consider the notion of an outer measure. That is, a
function that approximates the measure of a set by measuring the smallest set
that contains it.

DEFINITION 2.45 (Lebesgue outer measure). Given an arbitrary subset £
of R™, with n € IN, the Lebesgue outer measure is

p(E) =inf Y v, (Ay) (2.90)

where the infimum is with respect to all countable covers on & of the form
A1, As, ..., such that

eclJA, (2.91)
t=1

and for all t € IN, A, is a closed box.

The Lebesgue outer measure has the following three properties. First, it is
non-negative, but it can be infinite.

THEOREM 2.46. Let A be an arbitrary subset of R™, with n € IN. Then,
0< p* (A) < 0. (2.92)

Proof See Homework 1. O

An example of a set whose Lebesgue outer measure is infinity is R”.

THEOREM 2.47. The Lebesgue outer measure of R™, with n € IN, satisfies:

p* (R™) = +o0. (2.93)

Proof See Homework 1. O

Alternatively, generic boxes have finite Lebesgue outer measure.

THEOREM 2.48. Let € be a generic box of R"™, with n € IN. Then,
pr (&) =v,(E), (2.94)

which is the volume of the box.

Proof See Homework 1. O
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The second and third property of the Lebesgue outer measure are monotonicity
and subadditivity.

THEOREM 2.49. Let Ay and Ay be two arbitrary subsets of R™, withn € IN,
such that Ay C Ay. Then,

pt(Ar) < pt(Az). (2.95)

Proof See Homework 1. O

THEOREM 2.50. Let Ay, As, ..., form a countable sequence of arbitrary
subsets of R™, with n € IN. Then, the following holds:

w( AJ<§ywm» (2.96)

t=1

Proof See Homework 1. O

An outer measure is not a measure. In particular, it is possible to find patho-
logical subsets of R™ in which disjoint sets have elements that are so close to
each other that the Lebesgue outer measure of their union is different from the
sum of measures of each of its subsets. The following theorems present some
cases in which the Lebesgue outer measure of the union of some subsets of R"
is identical to the sum of the Lebesgue outer measure of each of these subsets.

THEOREM 2.51. Let A and B be two arbitrary subsets of R™, with n € IN,
such that

inf —bl||, > 0. 2.97
it lla bl (297)
Then,
i (AUB) = i (A) + i (B). (2.98)
Proof See Homework 1. O
THEOREM 2.52. Let Ay, As, ..., form a countable sequence of almost dis-

joint closed bozes, and let also
A=A, (2.99)
t=1

be their union. Then, the following holds:

I (U At) = ur (A, (2.100)

Proof See Homework 1. O
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Lebesgue Measure and Lebesgue Measurable Sets

THEOREM 2.53. Let O, be the set of all possible open subsets of R™, and
let A be an arbitrary subset of R™, with n € IN. Then,

*(A) = inf (D). 2.101
H ( ) De{Beltrﬁln:AcB}'u ( ) ( )

Proof See Homework 1. O

DEFINITION 2.54 (Lebesgue Measurable Sets). Let A be an arbitrary subset
of R™, with n € IN. Then, A is said to be Lebesgue measurable if for all
€ > 0, there always exists an open subset O C R", such that A C O and

1O\ A) <e. (2.102)

This definition leads immediately to an important class of Lebesgue measur-
able sets.

THEOREM 2.55. Let A be an open subset of R™, with n € IN. Then, the set
A is Lebesgue measurable.

Proof Note that from the assumption that A is open and A C A, the condition
of existence of an open set containing A is satisfied. Moreover, p* (A\ A) =
p* (0) = 0 < ¢, for all € > 0, which completes the proof. O

Using Definition the definition of Lesbesgue measure can be introduced
as follows.

DEFINITION 2.56 (Lebesgue Measure). Let A be a Lebesgue measurable
subset of R™, with n € IN. Then, the Lebesgue measure of A, denoted by
w (A), satisfies

1(A) 2t (A). (2.103)

Definition implies that the Lebesgue outer measure becomes a measure
when it is restricted to Lebesgue measurable sets (Definition . That is,
as shown in the sequel of this section, the Lebesgue measure inherits all the
properties of the Lebesgue outer measure, namely, positivity, monotonicity, and
subadditivity. The additivity property is shown later, in Theorem [2.62

For the moment, using Definition [2.54]and the fact that open sets are Lebesgue
measurable, the objective is to identify other classes of sets that are Lebesgue
measurable. The following theorem shows that all sets that possess Lebesgue
outer measure zero are Lebesgue measurable.



56

Integration

THEOREM 2.57. Let A be an arbitrary subset of R™, with n € N, such that
w*(A) = 0. Then, A is Lebesgue measurable. Moreover, all subsets B of A
are Lebesgue measurable.

Proof From Theorem it holds that for all € > 0, there always exists an
open set O such that A C O and p*(O) < e. Moreover, given that O\ A C O,
it holds from the monotonicity of the Lebesgue outer measure that pu*(O\ A) <
1*(0) < e. Note that the same holds for any subset of A, which completes the
proof O

The following theorem shows that countable unions of Lebesgue measurable
sets form Lebesgue measurable sets.

THEOREM 2.58. Let Ay, As, ..., form a countable sequence of Lebesgue
measurable subsets of R™, with n € IN. Then, the countable union
oo
A=A, (2.104)
is Lebesgue measurable, and
A< nA). (2.105)

t=1

Proof From the assumption that A; is Lebesgue measurable for all t € IN, it
holds that for all ¢; > 0, it is always possible to find an open set O, such that
A € O; and

[IJ* (Ot \ At) < €. (2106)

For the ease of presentation, let ¢, = 5t, for some € > 0. Let O be the set

o:|Jo, (2.107)

which is open, and thus Lebesgue measurable, and verifies that A C O. Moreover,

it also holds that:
—+o00

O\NAC [ J O\ A, (2.108)

t=1

which implies due to the monotonicity of the Lebesgue outer measure that

*(O\A) < }:u (O \ Ay) (2.109)
t=1
+oo €
<5 (2.110)
t=1

(2.111)

(L)

)
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which proves the Lebesgue measurability of A, and thus, u (A) = p* (A). Finally,
the inequality in (2.105) follows from the subadditivity of the Lebesgue outer
measure (Theorem [2.50)). O

The following theorem shows that closed sets of R", with n € IN, are Lebesgue
measurable.

THEOREM 2.59. Let A be a closed subset of R™, with n € N. Then, A is
Lebesgue measurable.

Proof See Homework 1. O

The following theorem shows that the complement of a Lebesgue measurable
set is Lebesgue measurable.

THEOREM 2.60. Let A be a Lebesque measurable subset of R™, with n € IN.
Then, A€ is Lebesque measurable.

Proof From the assumption that A is measurable, it holds that for all £ € IN,

there always exists an open set O, such that A C O; and
1
p (O \A) < T (2.112)

Note that Of is closed, and thus Lebesgue measurable (Theorem [2.59); and
Of C A° (Theorem [1.9). Let the set C be

cs (o, (2.113)
t=1

which is also measurable (Theorem|2.58)) and satisfies C C A°. Thus, the following
holds:

A°=CUA\C. (2.114)
Hence, given that the union of two Lebesgue measurable sets is Lebesgue mea-
surable (Theorem [2.58)), the problem boils down to prove the Lebesgue measura-

bility of the set A\ C. First, note that from (2.113), it holds that Of C C, which
implies that C¢ C O; (Theorem , and

C\NAC O\ A (2.115)

Second, note that C¢\ A = A°\ O, (Theorem [L.9), which together with the
monotonicity of the Lebesgue outer measure (Theorem [2.49)), yields from ([2.112)

and (115,
1 (€N A) < (O A) (2.116)
(2.117)

Letting ¢ tend to infinity yields p* (C°\ .A) = 0, which implies the Lebesgue
measurability of C¢\ A (Theorem [2.57)), and completes the proof. O
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Finally, using the previous results, the following theorem shows that the set
of all Lebesgue measurable sets in R", with n € IN, form a o-field.

THEOREM 2.61. The set of all Lebesgue measurable sets in R™, with n € IN,
form a o-field.

Proof See Homework 1. O

In the following, the set o-field formed by all the Lebesgue measurable sets
in R™, with n € N, is referred to as the Lebesgue o-field, and it is denoted by
£ (R™). From Definition [1.68 and Theorem [2.61]it follows that the Borel o-field,
i.e.,, #(R™), is a subset of .Z (R™). Nonetheless, it is important to highlight that
this inclusion is strict. That is,

2 (R") C £ (R, (2.118)

as there are Lebesgue measurable sets that are not in the Borel o-field.
This section ends by showing the additivity of the Lebesgue measure.

THEOREM 2.62. Let A1, As, ..., form a countable sequence of disjoint
Lebesgue measurable subsets of R™, with n € N, and let also
“+oo
A=A (2.119)
t=1
Then,
+oo
p(A) =D n(A). (2.120)
t=1
Proof See Homework 1. O

Lebesgue Measurable Functions

The definition of Lebesgue measurable functions can be stated in different equiv-
alent forms. A useful definition is often the one that is expressed in terms of
conditions that are easy to verify. The following definition is one of these.

DEFINITION 2.63 (Lebesgue Measurable Function). A function f : £ — R,
with & C R™ a Lebesgue measurable set and n € N, is said to be Lebesgue
measurable, if for all @ € R, it holds that {x € £ : f(x) < a} is a Lebesgue
measurable set.

An immediate consequence of Definition 2.63]is an important property of con-
tinuous functions.
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THEOREM 2.64. A continuous function f : R™ — R, with n € N, is
Lebesgue measurable.

Proof See Homework 2. O

Alternative Definitions of Lebesgue Measurable Functions

The following theorem provide equivalent definitions of measurability of func-
tions that take values in the extended reals.

THEOREM 2.65. Consider a function f: R™ — R, with n € IN. Then, the
following statements are equivalent:

(1)  The function f is Lebesque measurable;

(i) For all a € R, the set f~1([—o0,al) = {z € R™ : f(z) < a} is
Lebesgue measurable;

(iti) For all a € R, the set f~1([~o0,a]) = {x € R" : f(x) < a} is
Lebesgue measurable;

(iv) For all a € R, the set f~!(Ja,+o0]) = {x € R" : f(x) > a} is
Lebesgue measurable; and

(v) Foralla € R, the set f~! ([a,+00]) = {x € R" : f(z) > a} is Lebesgue
measurable.

Proof See Homework 2. O

THEOREM 2.66. Consider a function f: R™ — R, with n € IN. Then, f is
Lebesgue measurable if and only if

(i)  The sets f~1(—0c0) and f~1(c0) are Lebesgue measurable; and

at least one of the following conditions hold:

(ii)  For all open subsets O of R, the set f=1(O) C R" is a Lebesque
measurable set; or

(iii)  For all closed subsets C of R, the set f=1(C) C R™ is a Lebesque
measurable set.

Proof See Homework 2. O

In the case of finite functions, the following theorems present alternative tools
to verify Lebesgue measurability.

THEOREM 2.67. Consider a function f : R" — R, with n € IN. Then the
following statements are equivalent:

(1)  The function f is Lebesque measurable;

(it)  For all pairs (a,b) € R?, with a < b, the set f~! (Ja,b]) = {x € R":
a < f(x) < b} is Lebesgue measurable;

(iii)  For all pairs (a,b) € R?, with a < b, the set f~! ([a,b]) = {x € R":
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a < f(z) < b} is Lebesgue measurable;

(iv)  For all pairs (a,b) € R?, with a < b, the set f~! (Ja,b]) = {z € R":
a < f(z) < b} is Lebesgue measurable; and

(v)  For all pairs (a,b) € R?, with a < b, the set f~!([a,b]) = {x € R™ :
a < f(x) < b} is Lebesgue measurable.

Proof See Homework 2. O

THEOREM 2.68. Consider a function f: R™ — R, with n € N. Then, f is
Lebesgue measurable if and only if

(i)  For all open subsets O of R, the set f~1(0O) C R"™ is a Lebesgue
measurable set; or

(i1)  For all closed subsets C of R, the set f~1(C) C R™ is a Lebesgue
measurable set.

Proof See Homework 2. O

Lebesgue Measurable Simple Functions

The definition of an elementary simple function (Definition [2.10)) is generalized by
that of Lebesgue measurable simple functions, which are central in the definition
of Lebesgue integral.

DEFINITION 2.69 (Lebesgue Measurable Simple Functions). A function f :
£ = R, with £ C R™ and n € I, is said to be a Lebesgue measurable
simple function if there always exists a partition on £ formed by Lebesgue

measurable sets Aq, As, ..., A,,, with m < oo, such that for all x € &,
f(l’) = Zat]l{weAt}v (2121)
t=1

with a; € R for all i € {1,2,...,m}.

From Definition m it holds that every elementary simple function (Definition
is a Lebesgue measurable simple function, but the converse is not neces-
sarily true.

There might exist many expressions of the form in to describe the
same Lebesgue measurable simple function. For instance, consider an alternative
description of the function f in such that a partition of £ is formed by

measurable sets By, Ba, ..., By, with p < oo, and for all z € E,
m p
f(z) = Zat]l{xem} = thﬂ{xe&} (2.122)
t=1 t=1
for some extended reals c1, ca, . . ., ¢,. In this case, for all pairs (4, j) € {1,2,...,m}

x {1,2,...,p}, it holds that for all x € A; N B;, f(z) =a; = ¢;.
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To add some extra generality, the condition that the sets A;, As, ..., A, in
Definition [2.69| are disjoint can be neglected. Nonetheless, in order to avoid an
indetermination, it must be ensured that the sum in does not include
simultaneously the terms +o0o0 and —oo.

Properties of Lebesgue Measurable Functions

The addition and the product of bounded measurable functions form measurable
functions.

THEOREM 2.70. Let f : &€ - R and g : € — R, with £ a Lebesgue mea-
surable subset of R™ and n € N, be two Lebesque measurable functions.
Then, the functions formed by the addition f + g; the k-th power f*; and
the product f - g are Lebesque measurable functions.

Proof See Homework 2. O

The composition of two Lebesgue measurable functions is measurable under
certain conditions.

THEOREM 2.71. Let f : R - R and g : R — R, with n € IN, be a
Lebesgue measurable function and a continuous function, respectively. Then,
the composition g o f is measurable.

Proof See Homework 2. O

Note that under the conditions of Theorem the composition f o g is not
necessarily Lebesgue measurable.

THEOREM 2.72. For allt € N, let f; : R™ — R, withn € N, be a measurable
function. Then, the following functions g; : R™ — R, with i € {1,2}, such
that for all x € R,

g1(z) = sup fi(z), and (2.123)
telN
92(2) = inf fi(2), (2.124)

are Lebesque measurable.

Proof Consider the subset of the form [—o0, a[, with @ € R. Then, the following
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holds
97 ([-00,a]) = {z € R" : g1(z) < a} (2.125)
= {:r € R" :sup fi(z) < a} (2.126)
>0

+oo
=({zeR": fi(z) < a} (2.127)

.
= ﬂ ft_l(]foo,a[); and (2.128)
ggl([—oo,a[) ={zeR": g(x) <a} (2.129)
= {m eR": %gg fi(x) < a} (2.130)

+oo
~UleeR : fil@) <a) (2131)

oo
= 7' ([-o00,al). (2.132)

From the assumption that for all ¢ € IN, the function f; is Lebesgue mea-
surable, it follows that ft_l( [—00,a[) is Lebesgue measurable. Hence, from the
equalities in (2.128) and (2.132), it holds that g; ' ([—oc,a[) and g5 ' ([—o0,a[)
are sets respectively formed by countable intersections and countable unions of
measurable sets, and thus, both are Lebesgue measurable. This implies that both
g1 and go are Lebesgue measurable functions. O

A further implication of Theorem [2.72]is described hereunder.

THEOREM 2.73. For allt € N, let f; : R™ — R, with n € IN, be a Lebesgue
measurable function. Then, the following functions g; : R® — R, with i €
{1,2}, such that for all x € R™,

g1(z) = til?m il;}z fe(x), and (2.133)
g2(z) = lim inf fi,(z), (2.134)

are Lebesque measurable.

Proof See Homework 2. O

The following theorem is an immediate implication of Theorem [2.73

THEOREM 2.74. For allt € N, let f; : R™ — R, with n € IN, be a Lebesgue
measurable function. Assume that there exists a function f: R"™ — R such
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that for all x € R,
lim fi(z) = f(z). (2.135)

t—+oo

Then, the function f is Lebesgue measurable.

Proof From the assumption in (2.135)), it follows that the limit exists for all
z € R", and
lim fi(z) = g1(x) = g2(2), (2.136)

t—+oo

with g1 and go the functions defined in (2.133) and (2.134), respectively. Hence,
given that the functions g; and gs are Lebesgue measurable, the function f is
also a Lebesgue measurable function. O

The argument of the proof of Theorem [2.74] can be extended to functions that
might differ in certain intervals under the condition that such intervals are of
Lebesgue measure zero. This functions are said to be equal almost everywhere.

DEFINITION 2.75. Given two functions f : £ — R and g : £ — R, with
& CR™ and n € N, they are said to be equal almost everywhere, if the set

{r e &: () # g(0)) (2.137)
is of Lebesgue measure zero, i.e., u({x € £ : f(z) # g(x)}) = 0.

In general, a property on a given point z € &£, with £ C R™ and n € N,
denoted by C(z), is said to hold almost everywhere or to hold for almost every
x € &, if the set

C ={z € £:C(x) does not hold} (2.138)
satisfies 1 (C) = 0. That is, the property C(x) is verified on all elements of €

except on a subset of Lebesgue measure zero. Using this notion, the following
holds.

THEOREM 2.76. Let f: & - R and g: & — R, with &€ C R™ and n € N,
be two functions such that f is Lebesque measurable and f and g are equal

almost everywhere. Then, the function g is Lebesque measurable.

Proof See Homework 2. O

Finally, the most prominent property of Lebesgue measurable functions is
presented in two steps. First, it is shown for non-negative Lebesgue measurable
functions in the following theorem; and later, it is shown for arbitrary Lebesgue
measurable functions in Theorem

THEOREM 2.77. Let f : € — [0,400], with &€ C R™ and n € N, be a
non-negative Lebesque measurable function. Then, there always exist an in-
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creasing sequence of non-negative Lebesgue measurable simple functions fi,
fo, oo, with fy : € — [0,400] for all t € N, that converge point-wise to f.
That is, for all x € &, the following holds:

1:(@) < fin(@) and [l fi(z) = f(@), (2.139)

with i € IN.

Proof See Homework 2. O

THEOREM 2.78. Let f : £ — R, with € C R™ and n € IN, be a Lebesgue
measurable function. Then, there always exist a sequence of Lebesgue mea-

surable simple functions f1, fa, ..., with fy : &€ — R for all t € N, that
satisfies for all for all x € E:

@) < fen(@)] and lim_fu@) = f(z), (2.140)
with ¢ € IN.

Proof Note that the function f can be written in terms of non-negative func-
tions as follows. For all € &, f(z) = f*(z) — f~(z). From Theorem [2.77}
it follows that there exist two increasing sequences of non-negative Lebesgue
measurable simple functions g1, g2, ... and hy, ho, ..., with ¢g; : £ — [0, 400]
and hy : € — [0,+0oc] for all t € IN, that converge point-wise to f* and f—,
respectively. For all ¢ € IN, let the function f; be such that for all x € &,
fi(x) = g¢(x) — he(x), which satisfies lim;—, oo fe(x) = f(2).

Finally, note that for all z € £ and for all t € N, |fi(z)| = gi(x) + he(x).
Thus, the sequence of functions |f1|, |fz|, ..., is increasing, which completes the
proof. O

Lebesgue Integral

The Lebesgue integral is defined only for Lebesgue measurable functions, yet
this is by no means restrictive. In this section, it is shown that a larger class of
functions are integrable in the sense of Lebesgue than in the sense of Riemann-
Darboux. In order to study these subtleties of this more general theory of inte-
gration, the definition of Lebesgue integral is built into three steps. First, the
Lebesgue integral is defined for Lebesgue measurable non-negative simple func-
tions (Definition[2.69). Second, the definition is extended to Lebesgue measurable
simple functions; and finally, the integral is defined for functions that satisfy the
absolute integrability condition, which is introduced later in Definition [2:94]
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Case of Non-Negative Lebesgue Measurable Simple Functions

The Lebesgue integral of a non-negative Lebesgue measurable simple function
can be described as follows:

DEFINITION 2.79. Consider a non-negative Lebesgue measurable simple
function f : &€ — [0,+o0], with &€ C R™ and n € NN, such that for all
xel

f@) =" alizen,, (2.141)
t=1

where for all i € {1,2,...,m} and m < oo, it holds that a; € [0, 4+00] and
A1, As, ..., Ay, form a partition of £. The Lebesgue integral of the function

fis
/g F@)du@) 2 S an (A). (2.142)

Note that the Lebesgue integral of non-negative Lebesgue measurable simple
functions is independent of the description of the function. The following theorem
formalizes this property.

THEOREM 2.80. Consider a mon-negative measurable simple function f :
E = [0,+00], with € CR™ and n € N, such that for all x € €

m P
flz) = Z alizeny = thl{web’t}a (2.143)
t=1

t=1
where for all (i,7) € {1,2,...,m} x {1,2,...,p}, with m < 0o and p < oo,
it holds that a; € [0,+00], ¢; € [0, +00], and A1, Az, ..., Ay and B, Bo,
..., By form two different exact covers of £. Then,

/gf(:v)dp(x) = (A) = an(B). (2.144)

Proof See Homework 2. O

The sum in (2.144)) is positive but not necessarily finite. The following theorem
sheds some light into this observation.

THEOREM 2.81. Consider a non-negative Lebesque measurable simple func-
tion f: & — [0,+00], with € CR™ and n € N. Then,

/Ef(x)du(x) < +00 (2.145)
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if and only if the function f is finite almost everywhere and

pw{zel: flz)>0}) < +oo. (2.146)

Proof See Homework 2. O

The Lebesgue integral of a non-negative Lebesgue measurable simple function
can be performed over a subset of the domain of such function. This can be done
by noticing that the product of non-negative simple functions and the indicator
function is a simple function.

DEFINITION 2.82. Consider a non-negative Lebesgue measurable simple
function f : £ — [0,+oc], with & C R™ and n € IN. The Lebesgue inte-
gral of the function f on the subset A C £ is

/ f(@)dp(z) £ / F@) L penydu(o). (2.147)
A £

The integral of non-negative Lebesgue measurable simple functions possesses
the following properties.

THEOREM 2.83. Consider two non-negative Lebesgue measurable simple
functions f : € - R and g : € — R, with &€ C R™ and n € N. Then,
the following holds:

(i)  For all pairs (a, 8) € [0, +00]?,

[ (@r(@)+ sg(@) du(e) = o [ f@)dnte) + 5 [ gopinte)  (@2108)
£ £ £

(i)  Given two disjoint measurable subsets A and B of €,

F(@)dp(x) = /A f(@)dp() + /B F(@)dpu(): (2.149)

AUB
(iif)
/gf(m)d,u(a?) =0, (2.150)

if and only if f(x) =0 for almost every x € &;
(iv) If f(z) < g(x) for almost every x € &,

[ 1@auta) < [ ga)auto); ana (2.151)
£ £
(v)  If f(z) = g(x) for almost every x € &,
[ 1@duta) = [ gwanto) (2.152)
£ £

Proof See Homework 2. O
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Case of Absolutely Integrable Simple Functions

Absolute integrability in the case of Lebesgue measurable simple functions can
be described as follows.

DEFINITION 2.84 (Absolutely Integrable Simple Functions). A Lebesgue
measurable simple function f: & — R, with £ C R™ and n € NN, is said to
be absolutely integrable if

1@ dute) < o (2.153)

The Lebesgue integral of an absolutely integrable simple function is defined
as follows.

DEFINITION 2.85 (Lebesgue Integral of Absolutely Integrable Simple Func-
tions). The Lebesgue integral of an absolutely integrable simple function
f:€&€— R, with E CR" and n € N, is

| #@auto) = [ 5 @ante) — [ £ @ante (2.154)

Note that from Definition it follows that absolute integrability implies
that the function has a finite Lebesgue integral.

THEOREM 2.86. Let f: & — R, with € C R™ and n € N, be an absolutely
integrable simple function. Then, it holds that the Lebesgue integral of f is
finite.

Proof The proof follows from the fact that for all x € &, |f(x)| = fT(z)+f~ (2),
and thus,

+oo> [ 1f@ldn) = [ £ @duto)+ [ 1 @duta).  (2155)

where fT and f~ are both non-negative simple functions. Therefore,
/f+(a:)du(a:) < +00 and (2.156)
£

/gf_(x)du(a:) < 400, (2.157)

which yields,

/ F@)dulz / F (@) du(e / F(@)du(@) < 400, (2.158)

and completes the proof. O

Absolutely integrable simple functions exhibit a particular property regarding
the measure of their support. The support of a function is formally defined
hereunder.
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DEFINITION 2.87 (Support of a Function). Given a Lebesgue measurable
function f: & — R, with £ C R"™ and n € IN, the support of f is

supp f £ {x € & f(x) #0}. (2.159)

A Lebesgue measurable function f : & — R, with £ C R" and n € IN, is said
to be concentrated in a Lebesgue measurable subset A C &, if for all z € £\ A,

f(@)=o.

DEFINITION 2.88 (Functions with Finite-Measure Support). A Lebesgue
measurable function f : & — R, with &€ C R™ and n € N, is said to have
finite-measure support if

w (supp f) < +o0. (2.160)

THEOREM 2.89. A Lebesgue measurable simple function f : &€ — R, with
E CR™ andn € N, is an absolutely integrable function if and only if it has
a finite measure support.

Proof See Homework 2. O

The integral of absolutely integrable simple functions possesses the following
properties.

THEOREM 2.90. Consider two absolutely integrable simple functions f : &€ —
R and g: € — R, with € C R™ and n € IN. Then, the following holds:
(i)  For all pairs (o, ) € R?,

[ (@r@)+ Bota)) dute) = a [ f@)dnte) + 5 [ gadnte) (2160
£ I I

(i)  Given two disjoint Lebesque measurable subsets A and B of £,

[ @) = [ @ + [ e (2.162)
(#i1)  If f(x) = g(x) for almost every x € &€,
[ 1@duta) = [ gwrdnto) (2163)
£ &
Proof See Homework 2. O

Case of Non-Negative Lebesgue Measurable Functions

The Lebesgue integral of non-negative Lebesgue measurable functions is defined
as follows.
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DEFINITION 2.91 (Lebesgue Integral of Non-Negative Lebesgue Measurable
Functions). The Lebesgue integral of a non-negative Lebesgue measurable
function f: & — R, with £ C R" and n € N, is

/ f(z)du(x) £ sup { / g(z)du(zx) : g is Lebesgue measurable simple and
£ £

0 < g(x) < f(z) for almost every « € £ w.r.t. u}. (2.164)

The integral of non-negative Lebesgue measurable functions possesses the fol-
lowing properties.

THEOREM 2.92. Consider two non-negative Lebesgue measurable functions
f:€E—=>Randg: €& — R, with € C R™ and n € IN. Then, the following
holds:

(i)  For all pairs (a, B) € [0, +00[?,

/ (af(z) + Bg(x)) dp(z) = a / f(@)du(z) + 8 / g(x)dp(z)  (2.165)
£ £ £

(1)  Given two disjoint measurable subsets A and B of &,

AUB /f Jdu(z /f )dp(x (2.166)
(iii)
/gf(x)du(x) =0, (2.167)

if and only if f(x) =0 for almost every x € E;
(i) If f(x) < g(x) for almost every x € £,

/ F(@)du(e / o(2)dp(z); and (2.168)
() If f(z) = g(z) for almost every x € &,
| f@ante) = [ gta)ana; (2.169)
Proof See Homework 2. 0

THEOREM 2.93. Consider a non-negative Lebesgue measurable function f :
€ — [0,00], with € CR™ and n € N and assume that

/5 f(@)dp(r) < +oc. (2.170)
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Then, it holds that f(x) < 400 for almost every x € £. The converse is not
necessarily true.

Proof See Homework 2. O

2.14.4 Case of Absolutely Integrable Measurable Functions

Absolute integrability in the case of Lebesgue measurable functions can be de-
scribed as follows.

DEFINITION 2.94 (Absolutely Integrable Functions). A Lebesgue measur-
able function f : £ — R, with £ C R™ and n € N, is said to be absolutely
integrable if

L@l duta) <. (2.171)

The Lebesgue integral of an absolutely integrable function is defined as follows.

DEFINITION 2.95 (Lebesgue Integral of Absolutely Integrable Functions).
The Lebesgue integral of an absolutely integrable measurable function f :
£ — R, withE CR"” and n € N, is

[ f@ant) = [ 5+ @ante) — [ £ @ante (2.172)

The integral of absolutely integrable measurable functions possesses the fol-
lowing properties.

THEOREM 2.96. Consider two absolutely integrable measurable functions
f:€E—=Randg:E — R, with &€ C R™ and n € IN. Then, the following
holds:

(i)  For all pairs (a, B) € R?,

[ (@@ + Bat@) duta) = o [ @)dua)+ 5 [ gle)duta) (2173
(i)  Given two disjoint measurable subsets A and B of €,
/ fl@)du(z / flz)dp(z (2.174)
.AUB
(#i1)  For all subsets A of &, the following holds

[ t@aue) = [ 11y (2.175)
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(i) If f(z) = g(z) for almost every x € &,
/f Ydu(z / (x)dp(z); and (2.176)
(v)
[ @) < [1r@ldnta (2177)
Proof See Homework 2. 0
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Abstract Measure Theory

Measurable Spaces and Measurable Functions

DEFINITION 3.1 (Measurable Space). Given a set O and a o-field .% on O,
the pair (O, %) is said to be a measurable space.

DEFINITION 3.2 (Product of Measurable Spaces). Let (A, %) and (B,9)
be two measurable spaces. The product of these measurable spaces is a
measurable space denoted by (A, %) x (B,¥) such that

(A,.7) % (B,9) 2 (Ax B,o (F x9)), (3.1)

where o (% x ¢) is the smallest o-field on A x B containing .# x 4.

DEFINITION 3.3 (Measurable Function). Let (A, %) and (B,%) be two mea-
surable spaces. The function f: A — B is said to be measurable relative to

(A, #) and (B,9) if for all G € ¥,
716 e 7. (3.2)

The verification of whether or not a function is measurable might be tedious and
thus, the following theorem eases this task in the case in which the target o-field
is induced by a particular collection of sets.

THEOREM 3.4. Let (A, %) and (B,9) be two measurable spaces, such that
Y =0(9), for some 9. Then, a function [ : A — B is measurable relative
to (A, F) and (B,¥9) if and only if for all D € 9,

f(D)e 7. (3.3)

Proof Consider that f is measurable relative to (A, %) and (B,¥). Then, from
Definition it holds that for all D € 2 C ¥, f~Y(D) € .#, which proves the
sufficiency.

To prove the necessity, assume that for all D € 2,

f(D)e 7. (3.4)
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Under this assumption, proving that for all G € ¢ it holds that f~1(G) € .#
boils down to proving that ¢ C .# = {D C B: f~1(D) € Z}. This is done
in two steps. First, it is shown that .# is a o-field on B. To prove that .Z is a
o-field on B, given Definition it suffices to verify that:
(a) Given that f~}(B) = A € .Z, it holds that B € .4
(b)  For all M € .#, it holds that f~1(M°) = (f~1(M))® € Z, given that
Y M) € Z; and
(¢) For all i € N, let M; be a subset of .#. Hence, f~*(M;) € .F and
FH (UiewMi) = Usen 71 (M) € 7.

Second, from the assumption in , it holds that for all D € 9, D C ..
Hence, given that 4 = 0(2) and # are both o-fields, it holds that ¢4 C .#.
This completes the proof. O

THEOREM 3.5. Consider a measurable function f relative to (A,&) and
(B, Z). Consider also a measurable function g relative to (B, %) and (C,9).
Then, the composition g o f is measurable relative to (A, &) and (C,9).

Proof Let G be an arbitrary set in ¢ and let F = g~!(G) be the pre-image of G
through g. Hence, given that the function ¢ is measurable relative to (B,.%) and
(C,49), it follows that F = g~(G) € .Z. Alternatively, given that the function
f is measurable relative to (A, &) and (B,.%), it follows that £ = f~1(F) € &.
Finally, (go f)"Y(G) = f~*(¢g7(G)) = f~Y(F) = € € &, which completes the
proof.

O

DEFINITION 3.6 (Borel Measurable Functions). A function f that is mea-
surable relatively to (A,.#) and (R, Z(R)) is said to be Borel measurable
relative to (A,.#). Moreover, when A = R* and Z# = 2 (R*), for some
k > 0, the function f is said to be Borel measurable.

Note that all Borel measurable functions are Lebesgue measurable (Defini-
tion , but the converse is not necessarily true.

DEFINITION 3.7 (Positive and Negative Parts). Given an arbitrary function
f: O — R, Borel measurable on (O, %), its positive part and negative part
are non-negative functions denoted by f™ : O — Ry and f~ : O — Ry,
respectively, satisfy for all z € O,

fT(x) & max{f(x),0} and (3.5)
f(x) & —min{f(x),0}. 3.6

The positive and negative parts of a Borel measurable function relative to
given measurable space satisfies the following property.
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THEOREM 3.8. Let f be an arbitrary Borel measurable function on (O, F).
Then, the functions fT and f~ are both Borel measurable functions on

(0, 7).

Proof From Definition it holds that given the set 7 = {Ja,+o0[: a € R},
the Borel o-field satisfies Z(R) = o(7). From Theorem [3.4] it holds that to
prove that f+ and f~ are both Borel measurable functions, it is enough to prove
that the inverse of each of the intervals |a, oo[ is in .Z.

The function fT is a positive function, and thus, for all a € R, with a < 0, it
holds that (f*)~!(Ja,00)) = O € Z. Alternatively, for all a € R, with a > 0, it
holds that (f7)"!(Ja,[) = {z € O : f*(z) > a} = {z € O : max{f(x),0} >
ay = {z € O: f(z) > a} = f~1(Ja,00]) € F, where the last inclusion holds
because f is Borel measurable relative to (O, .%).

Similarly, the function f~ is positive. Hence, for all a € R, with a < 0, it holds
that (f7)"(Ja,00]) = O € Z. Alternatively, for all a € R, with a > 0, it holds
that (f7) " 1(Ja,00]) ={z € O: f~(x) > a} = {z € O : —min{f(z),0} > a} =
{reO:—flx)>a}={r€0: f(z) < —a} = f1(] — o0, —a]) € .F, where the
last inclusion holds because f is Borel measurable relative to (O, .%).

O

DEFINITION 3.9 (Isomorphic Measurable Spaces). Two measurable spaces
(A, #) and (B,9) are said to be isomorphic if there exists a bijective func-
tion f : A — B that is measurable relative to (A,.%) and (B,¥) and its
functional inverse f~! is measurable relative to (B,¥) and (A, %). If it
exists, f is referred to as an isomorphism of (A, %) and (B,¥).

DEFINITION 3.10 (Standard Measurable Spaces). A measurable space is
said to be standard if it is isomorphic to a measurable space (A, B(A)),
with A € ZA(R).

Given a measure space (O, %), the elements of O are referred to as outcomes,
whereas those in .% are referred to as events. These denominations are often
related to the fact that measurable spaces are the building blocks of probability
theory. From this perspective, given an experiment, the set O contains all the
“outcomes” that might be observed after the experiment. A particular “event”
is a subset of “outcomes”. More specifically, it is a set in .#. In order to deter-
mine whether or not an “event” A € . has taken place, all the corresponding
outcomes must be verified. That is, all the outcomes of the experiment must be
elements of the event A. The intuition for the requirement of closeness under
complementations follows from the fact that if a given event is verifiable so is
the same event not taking place. The intuition for closeness under unions stems
from the fact that events can be jointly verified.
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A refinement of these intuitions leads to the notion of measure, which is rem-
iniscent to the notion of a distance in a metric space, for instance.

Measures

DEFINITION 3.11 (Measure). A measure on a o-field .# is a non-negative
real-valued function v : % — [0, +00] such that

v (D) =0; (3.7)
and for all countable sequences of disjoint sets Aj, As, ... in F,
o0 +oo
v (U At> = v(A). (3.8)
t=1 t=1

Consider a measurable space (O,.%), with O a finite set. The function v :
F — INU {0, 400} such that for all A € Z,

v(A) = |A], (3.9)

is a measure. More specifically, it is said to be a counting measure, as it is a
measure of the number of elements in the subsets of ..

A more general exemple can be constructed in a measurable space (O, %), with
O an arbitrary set. Let a be an element of O, then the function §, : % — {0,1}
such that for all A4 € %,

1 if acA
5a(«4)—{ 0 if adA (3.10)

is a measure on (O,.%). Often, it is referred to as the Dirac measure on (O, %)
with respect to a.

Note that a measure is always positive but it is not necessarily finite. This
observation is formalized by the following definitions.

DEFINITION 3.12 (Finite Measure). Given a measure v on the measurable
space (O,.%), it is said to be a finite measure if v (O) < oco.

A particular example of finite measures is that of probability measures. A
measure v on a o-field .% of elements of O is said to be a probability measure if
it satisfies v (O) = 1.

DEFINITION 3.13 (o-Finite Measures). Given a measure v on the measur-
able space (O, %), it is said to be a o-finite if there exists an infinite se-
quence Ay, As, ..., of sets in .# such that [ J;2, A, = O and for all n € N,
v(A,) < oo.
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An exemple of a o-finite measure is the Lebesgue measure (Definition [2.56]) on
(R, Z(R)), with B(R) being the Borel o-field in R (Definition [1.68)).

DEFINITION 3.14 (Concentration). A measure v on the measurable space
(0, .F) is said to be concentrated on A, if v (A°) = 0.

DEFINITION 3.15 (Measure Space). Given a measurable space (O, %) and
a measure v on %, the triplet (O,.%,v) is referred to as a measure space.

A measure space (O, Z,v) whose measure v is a probability measure is called
a probability space.
The following theorem introduces some properties of measures.

THEOREM 3.16. Let (O,.%,v) be a measure space. Then,
(i)  For all pairs (A, B) € F2,

v(AUB)+v(ANB)=v(A)+v(B); and (3.11)
(ii)  For all pairs (A,B) € F2, with A C B,
v(iBy=v(A)+v(B\A). (3.12)

Proof The proof of (i) is based on the fact that

A=(A\B)U(ANB); and (3.13)
B=(B\A)U(ANDB), (3.14)

where the sets A\ B, AN B and B\ A are mutually disjoint. Therefore,
v(A) =v(A\B) +v(ANB), (3.15a)
v(B) =v(B\ A) +v(ANB), and (3.15Db)
v(AUB) =v(ANB) +v(B\ A) +v(A\B). (3.15¢)

Adding the equations in yields,

v(A) +v(B) =v(AUB) +v(ANB). (3.16)
The proof of (i) is based on the fact that A and B\ A are disjoint sets and thus,
v(A)+v(B\A) =v(AU(B\ A)) =v(AUB) =v(B). (3.17)
where the last equality follows from the fact that A C B. This completes the
proof. O

THEOREM 3.17. Let (O, % ,v) be a measure space. Consider also an infinite
sequence of subsets A1, Aa, ..., in F. Then,
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(3) f A, TA, nh_)rr;o v(A,) =v(A); and
(5) if Ap L A and v(O) < oo, nl;ngo v(A,) =v(A).

Proof Let B; £ A; and for all n € IN\ {1}, let B,, = A,, \ A,,_1. Note that By,
By, ... are mutually disjoint sets and (J;cy Bi = U;cy Ai = A (Theorem ,
which yields:

v(A) =v <U Bi> => v(B). (3.18)

€N 1€EN

Note also that for all n € IN\ {1}, it holds that A,,_; C A,. Hence, from
Theorem it follows that

v(An) = v(An1) + v(An \ An1) = v(An-1) + v(Bn), (3.19)

and thus, v(B,,) = v(A,) — v(A,—1); and v(B;) = v(A;). Using these elements,
the following holds:

v(A)=v (U AZ) (3.20)

€N
=v (U BZ-> (3.21)
€N
=> v(Bi) (3.22)
€N
=v(B)+ > v(B) (3.23)
i>2
=v(A) + Z (v(Ai) — v(Ai1)) (3.24)
:MAQ+VH&§:04&)—WAFQ) (3.25)
=2
=v(A)+ nh_}rr;o (v(A,) —v(A1) (3.26)
= lim v(A,), (3.27)

which completes the proof of statement (7).
The proof of statement (ii) is as follows. For all n € N\ {1}, let B,, = AS.
This implies that By C By C .... Hence, from Theorem it holds that,

(U&y_ﬂ&_ﬂ&—A (3.28)

€N i€lN i€IN

Therefore, B, 1 A and thus, from (3.27)) it follows that lim,, . v(B,) = v(A°).
Given that v is a finite measure, i.e., ¥(0) < oo, and A C O, it holds from
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Theorem [3.16] that
v(A) =v(0) —v(A°) =v(0) — nh_)rr;o v(By) (3.29)
=v(0) — hm v ((0)—v(Ay)) (3.30)
=v(0) — ( ( ) —limv(A,)) (3.31)
=limv(A,), (3.32)
which completes the proof. O

General Integration
Given a measure space (O, #,v) and a Borel measurable function f relative to

(0,.%), the integral of the function f with respect to v, often referred to as
Lebesgue integral, is denoted by

/O fdv, or /O F(2)v(dz), or /@ F(@)dv(z), or vf, or v(f). (3.33)

Nonetheless, the notation used in the following would be / fdv.
o

DEFINITION 3.18 (Borel Measurable Simple Functions). Consider a mesurable
space (O, .%). Then, a function f : O — R is said to be a Borel measurable
simple function if it is Borel measurable relative to (O,.%) and it takes
finitely many different values.

Every Borel measurable simple function f: O — R relative to (O, %) can be

written as follows:
m

z) = Z atlizea,y (3.34)
=1

where m € IN is finite, (a1, as,...,a,) € R™ and Aj, As, ... A, are disjoint sets
in %. Note that a Borel measurable simple function is a Lebesgue measurable
simple function. Nonetheless, the converse is not necessarily true.

DEFINITION 3.19 (Increasing and Decreasing Sequences of Functions). Con-
sider a sequence of Borel measurable functions relative to (O, .%), denoted

by f1, f2, f3, . ... The sequence is said to be increasing if for all (m,n) with
m < n, it holds that for all z € O,
fm(x) < fo(x). (3.35)

Alternatively, the sequence is said to be decreasing if for all (m,n) with
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m < n, it holds that for all z € O,
fm(z) > fu(x). (3.36)

The following is a fundamental property of Borel measurable functions in terms

of increasing sequences of simple functions.

THEOREM 3.20. Given a mesurable space (O, F), any non-negative Borel
measurable function f relative to (O, F) is the limit of an increasing se-

quence of mon-negative, finite Borel measurable simple functions.

Proof The proof is by construction. For all n € IN, consider the functions f, :
O — R defined as follows:

o i bt < L ) “e . n
Folz) = { g if < f(z) < & for some k € {1,2,...,n2"}

on

n if  f(z) =n. (3:37)

Note that, for all n € IN, f, is a non-negative quantizer of the function f with res-

olution 2% and span n. Thus, it is a Borel measurable simple function. Moreover,

for all x € O, lim f,(x) = f(z). O
n—oo

Theorem leads to the following more general result.

THEOREM 3.21. Given a mesurable space (O, F), any arbitrary Borel mea-
surable function f relative to (O, F) is the limit of a sequence of finite Borel
measurable simple functions f1, fa, ..., such that for all n € N and for all

€0, |fo(2)] <|f(z)|

Using these notations, given a measure space (O, .%,v) and a Borel measurable
function f relative to (O, %), the Lebesgue integral of the function f with respect
to v is defined hereunder.

DEFINITION 3.22 (Lebesgue Integral). Given a measurable space (O, %, v)
and a Borel measurable function f : O — R relative to (O, %), the integral
of the function f with respect to v is defined as follows:

e when f is a non-negative Borel measurable simple function (BMSF),
that is, for all z € O, f(z) = > ;% a4l {zea,}, for some finite m € IN,
(a1,az2,...,am) € [0,400]™ and Ay, As, ... Ay, are sets in #, then

/O fdv 2> " aw (Ar); (3.38)
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e when f is non-negative Borel measurable relative to (O,.%), then,

/ fdv £ sup { / gdv : g is a BMSF relative to (O,.%) and
o o

Vz € 0,0 < g(r) < f(x)}; and (3.39)

e when f is an arbitrary Borel measurable function relative to (O,.%),

then,
/Ofdué/oﬁdu—/of_du. (3.40)

The Lebesgue integral / fdv of an arbitrary Borel measurable function f

relative to (O,.%) is said t((o) exist if the indetermination +o0o + —oo does not
appear in the sum in . This indetermination is always avoided in the case
in which the function f is either non-negative or non-positive. Therefore, the
Lebesgue integral of a non-negative function or a non-positive function always
exists. Nonetheless, the former might be +o0o0, whereas the latter might be —oo.

When the Lebesgue integral / fdv is finite, the function f is said to be
o
Lebesgue integrable with respect to the measure space (O, %, v).

A condition that ensures the finiteness of the Lebesgue integral is the absolute
integrability.

DEFINITION 3.23 (Absolute Integrability). Consider a measure space (O, .Z, v)
and a Borel measurable function f relative to (O, %). The function f is said
to be absolutely integrable if

/ |f]dv < cc. (3.41)
o

When the integral of f with respect to the measure v is over a particular set

A € F other than O, i.e., / fdv, it follows that:

A
/fdz/:/f(x)]l{xeA}dv(x). (3.42)
A (@]

The following theorem compares the integrals / fdv and / fdv.
A O

THEOREM 3.24. Let f be a non-negative Borel measurable function relative

to (0, %) and v a measure on (O, F). Assume also that / fdv < 4o00.
o
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Then, for all A C O, it holds that [, fdv < +oo and

/A fdv < /O Jdv. (3.43)

Proof Assume that f is a non-negative simple function with the form in (3.38]).
Then, let g: O — R be for all z € O,

9(@) = f@)meny = Y arlpenyliweay = Y el iz a,nay, (3.44)

t=1 t=1
which is also a simple function. Hence,

m

/Afdu = /Agdy = ;atu(flt NA) < ;atu (Ay) = /o fdv < +o00. (3.45)

The proof continues with the analysis of non-negative functions (other than
simple functions) using the same argument. O

DEFINITION 3.25. Given measurable space (O0,.%) a set A € # and an
arbitrary Borel measurable function f : relative to (O,.%), the integral

/A fdv (3.46)

is referred to as the indefinite integral of f with respect to v on A.

The denomination of indefinite integral stems from the fact that if O = R,
F = A(R) and v is the Lebesgue measure (Definition , then given an
interval A = [a, ], it follows that if f is Riemman integrable,

/A fdv = /a wf(t)dt, (3.47)

where the integral on the right hand side of is the Riemman indefinite
integral.

Lebesgue integrals exhibit several properties that are reminiscent to those of
Riemman integrals. The following theorem highlights one of those properties.

THEOREM 3.26 (Integration of a weighted function). Let f be a Borel mea-
surable function relative to (O, F) and v a measure on (O, F). Then, if
Jo fdv exists, it holds that for all c € R, [, cfdv exists and

/chdu:c/ofdu. (3.48)
Proof TBW O
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THEOREM 3.27. Let f and g be two Borel measurable functions relative to
(0,.%) and v a measure on (O, F). Then, if for all x € O, f(z) = g(x), it
follows that [, fdv > [, gdv, given that both integrals exist.

Proof TBW O

THEOREM 3.28. Let f be a Borel measurable function with respect to (O, F)
and v a measure on (O,.F). Then, if [, fdv exists, it holds that

/O fdv

Proof TBW O

< /O \f| dv. (3.49)

THEOREM 3.29 (Additivity of Integrals). Let f and g be two Borel measur-
able functions with respect to (O, %) and v a measure on (O, F). Then,

when the integrals fo fdv and fo gdv ezist, and fo fdv + jO fdv is not of
the form +oo + —o00 or —oo + 00, it holds that

/ f+gdv= / fdv +/ gdv. (3.50)
o o o
Proof TBW O

Monotone Convergence

Using the notion of increasing sequences of functions (Definition [3.19)), the mono-
tone convergence theorem can be stated as follows.

THEOREM 3.30 (Monotone Convergence). Let (O,.%,v) be a measure space
and f be a non-negative Borel measurable function relative to (O, F). Let

also f1, f2, f3, ... be an increasing sequence of non-negative Borel measur-
able functions relative to (O, F). Assume that for all x € O,
Jim fy(2) = /(). (3.51)

Then, if follows that

lim /O Fi(@)dy = /O Fa)dv. (3.52)

Proof TBW O
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THEOREM 3.31 (Fatou’s Lemma). Let (O,.%,v) be a measure space and f
and f1, fa, f3, ... be non-negative Borel measurable functions relative to
(O0,.F). Then,

o when for alln € N and for all z € O, f,(x) > f(x) and [, fdv > —oo,
it holds that

liminf / Fodv > / ( liminf fn) dv (3.53)
o when for alln € N and for all x € O, f,(x) < f(z) and [, fdv < oo, it
holds that
limsup/ fndr < / (limsup fn) dv (3.54)
n—roo O 0 n—oo
Proof TBW O
3.5 Dominated Convergence

THEOREM 3.32 (Dominated Convergence). Let (O, %, v) be a measure space
and f, g and f1, fa, f3, ... be Borel measurable functions relative to (O, F).
Assume that for alln € N and for allz € O, |f,(z)| < g(x) and [, |g|dv <
+oo and lim, o fn(z) = f(z) almost everywhere with respect to v. Then,
Jo Ifldv < +o0 and

lim [ fodv = / fdv. (3.55)

Proof TBW O

3.6 Radon-Nikodym Derivative

In order to introduce the notion of Radon-Nikodym derivative, the notion of
absolute continuity of a measure with respect to another is introduced.

DEFINITION 3.33 (Absolute Continuity). Given two measures v and A on a
measurable space (O, .%), A is said to be absolutely continuous with respect
to v, if for all A € # for which v(A) = 0, it holds that A(A) = 0.

THEOREM 3.34. Given a measure space (O, F,v) and a non-negative Borel
@]

measurable function f: O — R relative to (O, F) such that/ fdv < 400,
o
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let A: F — [0,400] be such that for all the A€ .F

A) = /,4 fdv. (3.56)

Then, X is a measure on (O, F)

Proof To prove the conditions imposed by Definition [3.11] it suffices to verify
that A is a non-negative function, A () = 0, and

A (U Ai> =D AAi). (3.57)

ieN ieN
Note that f is a non-negative function and thus, from Theorem [3.27] it follows

that A is non-negative. Let Ay, As, ... be mutually disjoint sets in .%. Hence,
the following holds:

x)dv(z) = | f(z)1 dv(x). (3.58)
(zeN > /U /O {me U Av}

ieN iEN
From the assumption that A, As, ... are mutually disjoint sets, it holds that

1 = Tsea,} Thus, from ([358), it holds that

i€IN
i€IN

( ) /f ) peandu(z) (3.59)
1€EN

1€IN
/ (Zf 1{@}) v(x). (3.60)
ieN

For all n € IN, let the function g, : O — R be such that for all z € O, it holds
that g, (z) =Y i, f(x)1{zea,y, which is a sum of non-negative terms, and thus,
g1, g2, - .. form an increasing sequence of nonnegative functions. Hence, from the
monotone convergence theorem (Theorem , it follows that

/O lim g,(z)dv(z) = lim [ g,(x)dv(z), (3.61)

n—oo n—oo O
which implies the following,
iclN o

= lim [ gu(2)dv(z) (3.63)

n—oo @)

= lim / > @)l geaydv(z).  (3.64)
i=1

n— oo



3.6 Radon-Nikodym Derivative 85

From the assumptions of the theorem, it follows that the integral / fdv exists,
o

which implies that the integral / fdv exists for all A € .Z (Theorem [3.24]).
Hence, from (3.59)) and Theorem , the following holds

€N

= fm > /O F@) L zeaydv(@) (3.66)

i=1

Z /O f@)peaydv(z) (3.67)

- /A Fa)dv(a) (3.68)
= A(A), (3.69)

ieN
which proves the second condition imposed by Definition [3.11
To prove the first condition imposed by Definition [3.11} note that from the
assumption that / fdv < oo, it holds that A(O) < +o0. Then, A(O) = A(O U

o
0) = MO) + A(@) < 4oo. This implies that A\(f) = 0, which proves the first
condition imposed by Definition [3.11} and completes the proof. O

The measure A in Theorem [3.34]is the only measure that can be generated from
v through the function f up to negligible sets with respect to v. The following
theorem formalizes this intuition.

THEOREM 3.35. Consider a measure space (O, F,v), with v a o-finite mea-
sure, and consider also two non-negative Borel measurable functions f and g

relative to (O, .F) such that/ fdv and/ gdv exist. Let Ay : F — [0, +0]
o

o
and Ay : F — [0,400] be two measures on (O,.F) such that for all the
Ae ZF,

M (A) = /A fdv, and (3.70)

)xg(.A)—/AQdV. (3.71)

Then, A\ and Ay are identical if and only if for almost every x € O with
respect to v, f(x) = g(x).

Proof See Homework 3. O
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EXERCISE 3.36. Show via an example that Theorem fails if the as-
sumption that v is o-finite is neglected.

Note that in Theorem for all A for which v(A) = 0, it follows that
A(A) = 0. That is, the measure A generated from v through the function f
is absolutely continuous with respect to v. The following theorem states the
converse: if \ is absolutely continuous with respect to v, then X is obtained as
the indefinite integral of f with respect to a measure v, with f being a unique
non-negative Boreal measurable function relative to (O, .%).

THEOREM 3.37 (Radon-Nikodym Theorem). Let A and v be two measures
on a giwen measurable space (O, F), such that v is o-finite and X is abso-
lutely continuous with respect to v. Then, there exists a Borel measurable
function f : O — R such that for all A € .F,

MA) = /A fdv. (3.72)

Moreover, the function g is unique almost everywhere with respect to \.

Proof See Homework 3. O

The function f in is often referred to as the density of \ with respect
to v, the likelihood ratio of A with respect to v, or the Radon-Nikodym
derivative of \ with respect to v. To emphasize this denomination, it is often
denoted by %.

The following results are immediate extensions of Theorem [3.37]

COROLLARY 3.38. Let A and v be two measures on a given measurable space
(O, F). Then, v is absolutely continuous with respect to A if and only if there
exists a Borel measurable function f : O — R such that for all A € F, the

equality in (3.72)) holds.

Proof See Homework 3. O

Another immediate result from Theorem [3.37]is the following.

COROLLARY 3.39. Let (O, Z,v) be a measure space with O a countable set
and v a counting measure. That is, for all A € F,

v(A) = |A]. (3.73)

Let also A be a measure on (O, F). Then, X is absolutely continuous with

respect to v.

Proof See Homework 3. O
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EXERCISE 3.40. Consider the measure space ([0, +oo[, Z ([0, +o0[, ) , ), with
1 the Lebesgue measure. Let v be absolutely continuous with respect to

and assume that the Radon-Nikodym derivative S—Z is a continuous function.
Show that for all x € [0, +o0[, the following holds:
d dv
—v([0, = —(2). 3.74
Gro.a) = T @ (3.74)

The following theorem describes some of the properties of the Randon-Nikodym
derivative.

THEOREM 3.41. Let A and v be two measures on a given measurable space
(0, F) with v being absolutely continuous with respect to X and X being o-
finite. Then,
(i)  The function % s constant equal to one almost everywhere with re-
spect to A;

i1 i : — is a non-negative Borel measurable function wi
i ' o Ry i gative Borel bl ti ith

respect to (O, F), it holds that for all A € F,

dv
dv = —dA 3.75
[ pav= [ 155 (3.75)
if the integrals exist;

(#7)  if v is a o-finite measure on (O, F), X is absolutely continuous with
respect to vy, it holds that

d dv dA
£ = d—ia almost everywhere w.r.t. v; and (3.76)

(i) 4f X is absolutely continuous with respect to v, and v is o-finite, it
holds that the product of functions

dv dA
D= 1 almost everywhere w.r.t. A and v. (3.77)

Proof Proof of (i): First, consider that the o-finite measure \ is absolutely
continuous with respect to itself. Hence, from Theorem [3.37] it follows that for
all A € &,

dX
A(A) = / dh= [ — dA\, (3.78)
A 4 dA
where the function % is unique up to sets of measure zero with respect to A.

Hence, the function % is equal to one almost everywhere with respect to .

Proof of (ii): From Theorem [3.37] it holds that for all A € .#,

V(A) = /A %d)\. (3.79)

Let A be an arbitrary set in .% and assume that f is a simple function of the
form f(z) = 31" ailizea,y, for some finite m € IN, some subsets Ay, Az ...,
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A, forming a partition of O and ay, ag, ..., a,;; being non-negative reals. For
alli € {1,2,...,m}, let B; = AN A; be a subset of F. Hence,

/ f— / Zalll{zeA ydA(z) (3.80)

14
/Azai(u(x)n{w\i}dm) (3.81)
= Zai/ %(x)ﬂ{zem}d/\(l“) (from Theorem |3.29) (3.82)
i=1 JA
- dv
=1 @
=> aw(B;) (from (B.79)). (3.84)

On the other hand,
/ fdv z/ Zaiﬂ{meAi}du(x) (3.85)
A i
Tizea,ydv(z)  (from Theorem [3.29) (3.86)

-,
/ (3.87)

Il
M= 0 M: i Mz

aiV(Bi), (388)

-
Il

which proves the equaility (3.75) in the case of simple functions.
For the case in which f is an arbitrary non-negative Borel measurable function,
it follows from Theorem that there always exists an increasing sequence of

non-negative finite simple functions hy, hs, ... that converge point-wise to f.
Hence, from Theorem and the previous result for simple functions, it holds
that:
. . dA
fdv = lim hpdy = lim h —d f du (3.89)
A n—oo A n—oo

which completes the proof of (7).
Proof of (iii): From Theorem it holds that for all A € .Z,

(A) / dv = / Wy, (3.90)

Again, from Theorem [3.37] it holds that for all 4 € &

dv dX
(A) /duf/ Lan= Aéady, (3.91)
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and thus, given that the Radon-Nikodym derivative is unique up to sets of mea-

sure zero, it holds that - follows sfrom (3.90)) and ( -

Proof of (iv): From the proof of (i), it follows that

dv dp dp
TR 92
dp'dv  du’ (3.92)

and from the proof of (i), it follows that

dv dp _dp

Qa4 " (3.93)

almost everywhere, which completes the proof of (iv). O

THEOREM 3.42. Let A be a o-finite measure on (O, F) and vi,vs, ..., vy, be
finite measures on (O, F) such that for allk € {1,2,...,n}, vy is absolutely
continuous with X\. Then, the following holds,

dzyt n

d Z a almost everywhere w.r.t. A (3.94)

Moreover, if v is a measure on (O, F) such that for all A € F, v(A) =

lim Z vi(A), then v is absolutely continuous with A and

d Z 1%
dv
nlLII;O d/\ =0 almost everywhere w.r.t. \. (3.95)

Proof For all t € {1,2,...,n}, let the measure y; : .# — [0, +0o0] be such that
for all A € #,

= vi(A). (3.96)

i=1

Then, the following holds for all 4 € .%

= fusan 5

On the other hand, from Theorem it follows that

=3 w4 Z/ dv; = Z/ i / Z Wi (3.98)
Hence, the proof of follows from and (3.98).

dZyt

. (3.97)
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The proof of (3.95) follows by noticing that

d V¢
dy d(v1+ 1) ;
dx’ dA T odx T

(3.99)

form an increasing sequence of non-negative measurable functions. Hence, for all
A € Z, it holds that

n

v(A) = lim > vi(A) (3.100)
=1
dZZ/t
= lim tg; d\  (from (3.97)) (3.101)
n—oo .A

n
le/t
- / lim tg; d\  (from Theorem [3.30). (3.102)
A

n—oo

On the other hand, given that for all A € .%, it holds that

V(A) = /A j—idk (3.103)

The equalities in (3.102)) and (3.103)) imply (3.95)), which completes the proof. O

THEOREM 3.43. For alli € {1,2}, let (O, .F,v;) and (O, F, \;) be two mea-
sure spaces with v; and \; two o-finite measures; and \; absolutely continu-
ous with respect to v;. Let also v and )\ be two measures on the measurable
space ((’)2,0 (332)) such that for all (A,B) € o (ﬁQ),

v(A,B) =11 (A) e (B), and (3.104)

AA,B) =)\ (A) A2 (B). (3.105)

Then, X is absolutely continuous with respect to v; and for all (z,y) € 02,
d\ dAy, dXg

S = T L) (3.106)

Proof See Homework 3. O
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Distances and Pseudo-Distances between Measures

Total Variation
Levy-Prokhorov Distance
Kullback-Liebler Divergence

Inequalities

Markov Inequality

THEOREM 3.44. Let f : R™ — [0,00], with n € IN, be a non-negative Borel
measurable function. Then, for all v €]0,+o0], it holds that

p({a R f(x) > 1)) <§ [ ran (3.107)

where 1 is the Lebesgue measure.

Proof See Homework 3. O

Jensen Inequality

THEOREM 3.45. Consider a probability space (O,.F, P) and let g be a Borel
measurable function relative to (O, .F) such that —oco < fo gdP < 4o00. Let
also f : R — R be a convex Borel measurable function. Then,

f(/ogdP> </O(fog)dP. (3.108)

Proof See Homework 3. O

EXERCISE 3.46. State a result of the form of Theorem [3.45] when the func-
tion f is assumed to be concave.
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Independence

Two events are independent if the occurrence of one does not influence the
occurrence of the other. More specifically, given a probability space (O, Z, P)
and two sets (events) A and B in %, they are said to be independent, with
respect to P, if and only if: P (AN B) = P (A) P (B). Note also that

P(A°NB) =P ((AUB))

=1-P(AUB
=1-P(B°U(BNA)
=1-P(B°)—P(BNA), (4.1)

and in the case in which A and B are independent, the equality in (4.1)) can be
written as follows:

P(A*NB)=1-P(B°) - P(A)P(B )

=1-P(B)—P(A) (1~ P(B)) (4.2)
=(1-P(A)(1-P(B )C) (4.3)
= P(A%) P(B), (4.4)
which implies the independence of A® and B with respect to the probability
measure P. Following the same argument, if A and B are independent with

respect to P, so are A and B¢. That is, P (AN B) = P (A) P (B°).
The notion of independence of a pair of events can be extended to any finite
sequence of events. A sequence of n events is said to be formed by mutually

independent events if and only if any subset of events is also formed by mutually
independent events. The following definition formalizes this extension.

DEFINITION 4.1 (Mutual Independent Events). Consider a probability space
(0,.Z,P) and a sequence of n sets denoted by Aj, As,...,A,, such that
foralli € T2 {1,2,...,n}, A; € .. Then, the sets Ay, As, ..., A, are said
to be mutually independent if and only if for all finite subsets J C Z, it
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holds that

Pl (A | =] P (4.5)

JET ieJ

In order to determined whether a sequence of n sets are mutually independent,
n
n
it is required to verify whether E <t) = 2" —n —1 subsets of sets are mutually
=2
independent. When, one of the 2 —n—1 verifications fails, the sequence is said to

be dependent. When all the verifications fail, the sequence is said to be totally
dependent. If there exists a k € IN for which any sequence of k sets out of the n
sets is mutually independent, the sequence is said to be k-wise independent. In
particular, if £ = 2, the sequence is said to be pair-wise independent, whereas
if k = n, the sequence is said to be mutually independent.

From Definition it follows that for all 2 < k < n, k-wise independence
does not imply mutual independence.

Conditional Probability

When two events are dependent, a natural question is to determine the proba-
bility of one of the events given that the other has been observed. The answer
to this question is the notion of conditional probability.

DEFINITION 4.2 (Conditional Probability). Given a probability space (O, %,
P) and two events (sets) A and B in .Z, the probability of A conditioning
on B is denoted by P (A|B) and it is defined as the ratio:

(AN B)

PAjp) & “E (1.6

when P (B) > 0.

The definition of conditional probability with respect to negligible sets, e.g.,
P (A|B) when P (B) = 0 is left for a latter discussion.

The notion of conditional probability allows for a reformulation of the notion
of independence. The following theorem highlights this observation.

THEOREM 4.3 (Independence and Conditional Probability). Consider a
probability space (O,.F,P) and two sets (events) A and B in F, with
P(A) > 0. Then, A and B are independent if and only if P(B|A) =
P (B). Alternatively, if P(B) > 0, A and B are independent if and only
if P(A|IB) =P (A).

Proof The proof is immediate from Definition and Definition O
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THEOREM 4.4 (Total Probability). Consider a probability space (O, %, P)
and a set A € F. Let the sets By,Bo,...,B, be an exact partition of O.
Then, the following holds:

P(A) = ﬁ:P(.AﬂBt) and (4.7)
t=1
PU= Y PUBIP®B). (1.8

{:P(B,)>0}

Proof The proof of (4.7)) follows from the equalities hereunder
PA)=P(ANO) (4.9)

_p (Am (U B>> (410)

P (O (Amzst)> (4.11)

1

I
NE

P(ANB,), (4.12)

o
Il

1

where follows from the assumption that By, Bs,..., B, form a partition
of O (Definition ; @ follows from the distributive property of unions
and intersections (Theorem [L.6)); and follows from the fact that the sets
ANBy, ANBy, ..., AN B, are disjoint (Definition . The proof of
follows from and Definition . O

Random Variables

A random variable is essentially a Borel measurable function defined over a
probability space. Assume for instance a cubic dice that is rolled once. The

outcomes of the experiment are © = {1,2,...,6}. Consider a o-field .Z consisting
in the largest o-field induced by O and let P :.% — [0,1] be for all A € .Z,
A
P(A) = % (4.13)

Hence, given the probability space (O,.%, P), some random variables can be
defined. Let the random variable X be 1 if the outcome is an even number or 0
otherwise. That is, X (1) = X(3) = X(5) =0 and X (2) = X(4) = X(6) = 1. Let
the random variable Y be 1 if the outcome is bigger than three or 0 otherwise.
That is, Y(1) = Y(2) = Y(3) = 0 and Y(4) = Y(5) = Y(6) = 1. Let also
the random variable Z be simply the outcome of the experiment, i.e., for all
i€ {1,2,...,6}, Z(i) =i.

In general, a random variable defined in (O, %, P) maps each of the elements
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of O into the reals. That is, it associates a real number to each of the outcomes
of the experiment. This rises an interest in the probability of events (sets) of the
form {z : X(z) € B}, where B =]a,b] is a Borel set with a < b. This implies
that for all (a,b) € R?, with a < b, the sets of the form X ~!(]a,b]) must be
measurable with respect to (O,.#) and (R, %(R)). That is, X~ !(Ja,b]) € Z.
This highlights the fact that random variables are Borel measurable functions
with respect to the corresponding measurable space. This becomes clearer in the
following definition.

DEFINITION 4.5 (Random Variables). Given a probability space (O, #, P),
a function X : O — R Borel measurable with respect to (O,.%) is said to
be a random variable.

Let X : O — R be a random variable defined on (O,.%, P). Note that X
induces a measure in (R, Z(R)), which is denoted by Px. More specifically, for
all B € #(R), it holds that

Px(B)=P{z € O:X(z) € B}). (4.14)

Note that if the value Px (B) is known for all B € 2 (R), the random variable X
is completely characterized. Nonetheless, this characterization might be long and
tedious. Random variables might be characterized by their distribution function.

DEFINITION 4.6 (Distribution Functions). Given a random variable X de-
fined on a given probability space (O, %, P), the distribution function of
X, denoted by Fix : R — [0,1] is

Fx(a)=P({r € 0:X(z)<a}), (4.15)
and satisfies
a:gr—ir-loo F(z) =1; and alclg%) F(z) =0. (4.16)

The distribution function F'x determines the probability measure Py .

Note that once a distribution function is associated to random variable, it is
no longer needed to specify the probability space in which it has been defined.
Nonetheless, it is implicit that all random variables are defined in a probability
space. More importantly, it can be verified that for all random variables there
always exists a probability space in which they can be formally defined. Let for
instance, X be a random variable with probability distribution function F.
Then, it can be defined as a Borel measurable function X : R — R on the
probability space (R, Z (R), Q) in such a way that for all » € R, X(r) = r,
where for all B =]a,b] € Z (R) with a < b,

Q(B) = Fx(b) — Fx(a). (4.17)

Radom variables can be broadly classified among discrete random vari-
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ables, absolutely continuous random variables and continuous random
variables.

Discrete Random Variables

Discrete random variables take essentially finite or infinitely countable values. A
particular class of discrete random variables is that of simple random variables.

DEFINITION 4.7 (Simple Random Variables). A random variable is said to
be simple if and only if it takes finitely many different values.

Note that Definition [4.7] is reminiscent of that of simple functions (Definition
313).

DEFINITION 4.8 (Discrete Random Variables). A random variable is said
to be discrete if and only if its image is a countable set.

Consider a random variable X defined in the probability space (O, %, P)
and assume it is discrete. Then, its image can be described by a set X £
{z1,29,...,2,}, with n < oo of isolated points. In this case, the random variable
X can be fully characterized by the probability mass function, denoted by
px : R — [0, 1]. This function is zero everywhere in R except in {z1,z2,..., 2}
More specifically, for all i € {1,2,...,n},

px(x;)=P{ze€O: X(z)=u;}), (4.18)
and
n
> px(wi) =1, (4.19)
i=1
which implies that for all a € R, the distribution function of the random variable
X is
Fx(a) =Y px(2;)1{s;<a}- (4.20)
j=1

Assume that there exists a set {i1,42,...,i,} C {1,2,...,n} of indices such that
{x1,29,...,2,} can be ordered as follows:

T < Tjy, < ... < Ty, - (4.21)

Hence, the distribution function Fx of X is a function with discontinuities at
each value x;,, 2;,, ..., 2; . More specifically, for all pairs (a,b) € [z, x4+1[ with
a<bandte{l,2,...,n— 1}, it holds that Fx is constant, i.e.,

Fx(b) — Fx(a) = 0; and (4.22)
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for all pairs (a,b) €]zi—1, xr41[ with a < 2y <band ¢t € {2,3,...,n — 1},
Fx(b) — Fx(a) = px(xt). (4.23)

The random variable X induces the probability measure Px on (R, % (R)),
which satisfies for all B € £ (R),

Px(B)=P({z € O:X(x) € B}) (4.24)
= / pxdv (4.25)
B
= > px(@), (4.26)
i€{j:z; EB}

where v is a counting measure on (R, 2 (R)). That is, for all A € # (R),
v(A) =|A]. (4.27)

From Theorem [3.37] it holds that the probability mass function py is the Radon-
Nikodym derivative of Px with respect to a counting measure v in (4.27)).
In particular, for all B =]a,b] € # (R), with a < b,

Px(B)= > px(z:)=Fx(b) - Fx(a). (4.28)
i€{j:x;€EB}

Note that every simple random variable is discrete. Nonetheless, the converse
is not necessarily true.

Note also that the random variable X is fully described by the set A and
probability mass function (PMF) px.

Absolutely Continuous and Continuous Random Variables

DEFINITION 4.9 (Absolutely Continuous Random Variables). Consider a
random variable X described by a distribution function Fx : R — [0, 1].
The random variable X is said to be absolutely continuous if and only if
there exists a non-negative Borel measurable function fx : R — R such
that

Fy(z) = /_ et (4.29)

The function fx in (4.29) is referred to as the probability density func-
tion of the random variable X. The distribution function Fx is non-negative,
increasing and bounded by one. Hence, from (4.29)), it follows that

+o00
[ xtar= [ pean=1, (4.30)
R

—0o0
where the integral on the left is in the sense of Riemann, whereas the one on the
right is in the sense of Lebesgue with u the Lebesgue measure (Definition [2.56]).
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EXERCISE 4.10. Given an absolutely continuous random variable X that
induces the probability measure Px on (R, % (R)), show that Px is abso-
lutely continuous with respect to the Lebesgue measure. This justifies the
denomination absolutely continuous random variable.

The probability measure Px induced by the random variable X satisfies for
all B =|a,b] € Z(R), with a < b,

Px (B) = /fodu = Fx(b) — Fx(a), (4.31)

which is reminiscent to (4.28) in the case of discrete random variables.

DEFINITION 4.11 (Continuous Random Variables). Consider a random vari-
able X described by a distribution function Fx : R — [0,1]. The random
variable X is said to be continuous if and only if it can be verified that Fx
is continuous everywhere on R

EXERCISE 4.12. Prove that absolute continuity implies continuity and show
via an example that the converse is not true.

EXERCISE 4.13. Given a random variable X that induces the probability
measure Px on (R, % (R)), show that X is absolutely continuous if and
only if for all x € R, Px ({z}) =0.

4.4 Random Vectors

A random vector is essentially a (Borel measurable) vector-valued function de-
fined over a probability space.

DEFINITION 4.14 (Random Vector). Given a probability space (O, #, P),
any measurable function with respect to (0,.%#) and (R", %2 (R")) is said
to be an n-dimensional random variable.

Consider a probability space (O,.%#,P) and let X : O — R™ be an n-
dimensional random vector. For all i € {1,2,...,n},let X; : O — R be such that
for all w € O, X (w) = (X1(w), Xa(w), ..., X, (w)). That is, X; is the projection
of X into the i-th coordinate space. Hence, given that X is Borel measurable
with respect to (O, %), so is each of the functions Xy, Xo,..., X,,—1, and X,,.
Therefore, the random vector X can be understood as an n-tuple of random
variables (X1, Xs,..., X,,).
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The probability measure induced by the random vector X is denoted by Px
and for all B € #(R"),

Px(B)=P{we0: X(w)eB}). (4.32)

The distribution function Fx : R™ — [0, 1] associated with the random variable
X is for all w = (wy, wa,...,w,) € R™,

Fx(w)=P({reO:Vvie{1,2,...,n}, X;(r) <w;}). (4.33)

Often, the distribution function Fx is referred to as the joint probability
distribution of X7, Xs,..., X,,—1 and X,,. The function Fx is increasing and
right-continuous on R.

Independent Random Variables

The notion of independent random variables is reminiscent to the notion of
independent events in Section

DEFINITION 4.15 (Independent Random Variables). Let X1, Xs,..., X,
and X, be random variables on a given probability space (O, %, P). Then,
X1, Xo, ..., Xs—1 and X, are said to be independent if and only if for all
sets By, Ba, ..., B,, with B; € Z(R) for all i € {1,2,...,n},

P(X1€B1, X2 €By,..., X, €B,) =[P (X1 €By). (4.34)

t=1

The following theorems describe two essential properties of independent ran-
dom variables.

THEOREM 4.16. Let X1, Xs,...,X,_1 and X,, be random wvariables on a
given probability space (O, F, P) with joint probability distribution function
Fx, x,,..x,. Foralli € {1,2,...,n}, let Fx, be the probability distribution
function of the random wvariable X;. Then, X1, Xs,...,X,_1 and X, are
independent if and only if for all w = (w1, wa,...,w,) € R",

Fx (wi,ws, ..., wy) = [ [ Fx, (w). (4.35)
t=1

THEOREM 4.17. Let X = (X1, Xa,...,X,) be random vector with a proba-
bility mass function px. For all i € {1,2,...,n}, let px, be the probability
mass function of the random variable X;. Then, X1, Xo,..., X,—1 and X,
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are independent if and only if for all w = (w1, wa,...,w,) € R",
px (Wi, wa, ..., wy) :prt (wy) . (4.36)
t=1

THEOREM 4.18. Let X = (X1, Xo,...,X,) be random vector with a proba-
bility density function fx. For alli € {1,2,...,n}, let fx, be the probability
density function of the random wvariable X;. Then, X1, Xs,..., X,n_1 and
X, are independent if and only if for all w = (wy,wa,...,w,) € R™,

fx (wiwa, . wy) =[] fx, (wy)- (4.37)
t=1

Expectation

The expectation of a random variable is, intuitively, the average of a large set of
its realizations.

DEFINITION 4.19 (Expectation). Let X be a random variable defined on
(O, Z,P). Then, the expectation of X (with respect to P) is denoted by
E[X] and

E[X] 2 /O XdP. (4.38)

The expectation is said to exists if and only if the integral in (4.38) exists
as well. In the case of discrete random variables, the expectation simplifies to a
well-known expression.

THEOREM 4.20 (Expectation of Discrete Random Variables). Let X be a
discrete random variable defined on (O, .F, P) with probability mass function

px : R = [0,1], with supppx = {x1,2,...,2,} and n < co. Then,
E[X] =) apx(z). (4.39)
i=1

Proof Let O1, O, ..., On,—1 and O, form a partition of the set O such that
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for all i € {1,2,...,n} and for all v € O;, it holds that X (v) = x;. Hence,

E[X]= [ XdP (4.40)

o
=Y P (0)) (4.41)

i=1
=> 2 P(fve0: X(v) =a;}) (4.42)

i=1
=Y apx (@), (4.43)

TeEX
which completes the proof. O

The equality in implies that the expectation of X, in the discrete case,
can be calculated using the probability mass function py instead of the measure
P. This observation highlights the fact once the probability mass function px
is known, it is not needed to specify the probability space (O,.%, P) to fully
describe the random variable X.

The case of absolutely continuous random variables is described by the follow-
ing theorem.

THEOREM 4.21 (Expectation of Absolutely Continuous Random Variables).
Let X be an absolutely continuous random variable with probability density
function fx. Then,

E[X] :/Rxf(x)dx. (4.44)

Proof Assume, without any loss of generality that the random variable X is
defined as a Borel measurable function X : R — R on the probability space
(R,# (R),P) in such a way that for all » € R, X(r) = r, where for all
B =]a,b] € B (R) with a < b, it holds that P(B) = Fx(b) — Fx(a). Assume
also that X > 0. From Theorem [3.20] it follows that there always exists an
increasing sequence of simple finite functions X;, X5, X3, ... Borel measurable
with respect to (R, % (R)) with probability density functions fx,, fx,, ..., such
that lim; , X; = X. Note also that for all ¢ € IN'\ {0}, there exists a partition
of Ry of the form B;; =|te;, (t + 1)¢;], with ¢ € IN such that for all x € B, 4,
Xi(z) = X(te;) = te;, with e > €3 > ... > 0 arbitrarily small. Hence, for all
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i € N\ {0},
E[X,] 2 / X;dP, (4.45)
o
t=0
S (t+1) e
:Ztei/ o fx, (u)du. (4.47)
t=0 te;

Note that the integration variable u € R satisfies te; < u < (¢t + 1) ¢;. Hence,
there always exists a d; > 0 such that te; = u + §;, which leads to the following:

i (t+1) € o0 (s+1) €;
E[X;] = E / ufx, (u)du + g 5i/ fx,; (uw)du (4.48)
s=0 S

+=0 te; €;
:/ ufxi(u)dqu(;i/ fx,; (uw)du (4.49)
0 0
:/ ufx, (w)du + 6, (4.50)
0
where, for all i € IN, §; > ;11 > 0. Note that X;, Xo, ..., is an increasing

sequence of functions such that lim; .., X; = X. Hence, from the monotone
convergence theorem (Theorem [3.30)), it holds that

lim E[X;] = lim [ ufx,(u)du+ lim & (4.51)
1—00 i—oo Jq 1—00
= / ufx(u)du, (4.52)
0
=E[X], (4.53)

which completes the part of the proof for non-negative random variables. The
proof continues by noting that given an arbitrary absolutely continuous random
variable X, the same analysis holds for its positive and negative parts, i.e., X+
and X . Hence, for an arbitrary random variable, it holds that

E[X] = / ofx (2)de, (4.54)
R
which completes the proof. O

The equality in [£.54] implies that the expectation of X, in the continuous
case, can be calculated using the distribution function fx instead of P. This
observation highlights the fact once the probability density function fx is known,
it is not needed to specify the probability space (O, %, P) to fully describe the
random variable X.

In general, the expectation of a random variable is its integral with respect
to the measure of the corresponding probability space. Hence, all the existing
results for integration hold.
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THEOREM 4.22 (Expectation and Probability). Let X be a discrete random

variable with induced probability measure Px. Then,

E []l{XeA}] = Px (A). (4.55)

Proof TBW 0

THEOREM 4.23 (Properties of Expectations). Let X and Y be two random

variables defined on (O,.F, P) and assume that both E [X] and E[Y] exist.

Then,

e if X >0, then E[X] >0;

o f X >0, then E[X]=0if ndonlyzfX—O

e f X<Y,EX|KE[Y ]

e for all (a,b) € R?, E[aX ]—aIE[X]+bE[Y].
Proof TBW O
Moments

Markov Chains



5 Information Measures

5.1 Information

DEFINITION 5.1 (Information). Given a discrete random variable X with
probability mass function px : R — [0, 1], for all 2 € supp px, the informa-
tion provided by x is

tx(z) = —log (px (2)) . (5.1)

Information is measured in bits or nats depending on whether the base of the

logarithm is either two or the natural base.

DEFINITION 5.2 (Information Spectrum). Given a discrete random variable
X with probability mass function px : R — [0, 1], the information spectrum
of X, denoted by Sx : R — [0, 1], is the cumulative distribution function of
the random variable ¢x (X). That is, for all a € R,

Sx(a) = Z px ()1, 5 (2)<a}- (5.2)

TESUpPp px

DEFINITION 5.3 (Joint Information). Given two discrete random variables
X and Y with joint probability mass function pxy : R? — [0,1], for all
(z,y) € supppx X supp py, the information provided by (z,y) is

ixy (z,y) = —log (pxv (=,y)) - (5.3)

DEFINITION 5.4 (Conditional Information). Consider two discrete random
variables X and Y with joint probability mass function pxy : R? — [0, 1]
and marginal probability mass functions px : R — [0,1] and py : R —
[0,1]. For all (x,y) € supppx X supp py, the information provided by the
event Y = y conditioning on the event X = x, is denoted by ty|x—5(y) or
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ty)x (yl|z), and

LY|X:m(y) = —log (W) =ixy(z,y) — tx(v). (5.4)
5.2 Entropy — Case of Discrete Random Variables

The entropy of a given discrete random variable is defined as follows.

DEFINITION 5.5 (Entropy). Let X be a discrete random variable and assume
it induces the probability measure Px on (R, B (R)). Let also px : R — [0, 1]
be the probability mass function of X. Then, the entropy of X, denoted by
H(X), H(px) or H(Px), is:

H(X)é/]RLXdPX == Y px(@)logpx(a). (5.5)

TESUpp px

The entropy is measured in bits or nats depending on whether the base of the
logarithm is either two or the natural base.

Let supp X = {1, z2,...,2z,} be the support of the random variable X, with
n € IN. Note that H(X) in depends upon the values z1, z3, ..., z,_1 and x,
only trough the values px (z1), px(x2), ..., px(zn—1) and px (z,). That is, the
entropy H(X) in does not depend on the values that the random variable
X might take, but the probability with which it takes such values. This property
of entropy is inherited from the information function (Definition .

An alternative way for calculating the entropy H(X) in is using the
properties of expectation with respect to the probability measure Px:

THEOREM 5.6 (Entropy and Information Spectrum). Let X be a discrete
random variable and assume it induces the probability measure Px on (R,
B(R)). Let also px : R — [0,1] be the probability mass function of X.
Then,

HX) = Ex (0] = [ (1= Sx()e (5.6)

where Sx is the information spectrum of X (Definition .

Proof See Homework 3. O

From Theorem [5.6] it follows that the entropy of a given random variable is
the expectation of the amount of information that can be obtained from such
random variable.

The following Theorem provides a closed-form expression of the entropy of a
binary random variable.
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Figure 5.1 Entropy H(X) of a binary random variable X with probability mass
function px (0) = 1 — px (1) = p, with p € [0, 1].

THEOREM 5.7. Let X be a Bernoulli random variable with probability mass
function px, such that px(0) =1 —px (1) = p, with p € [0,1]. Then,

_Jo if p € {0,1}
H(X)= { —plogp — (1 —p)log(l —p) otherwise. (5.7)

Often, the entropy H(X) of a binary random variable X with probability
mass function px(0) = 1 — px(1) = p is denoted by H(p), with p € [0,1].
Figure [5.1]shows that 0 < H(p) < 1. That is, the entropy H(p) is a non-negative
bounded function of p. The maximum is achieved when px(0) =1 —px(1) =1
(uniform distribution). Alternatively, the lower bound is achieved when X is
an ill distribution, i.e., px(0) = 1 — px(1) € {0,1}. The following Theorem
generalizes these observations for random variables with countable supports.

THEOREM 5.8. Let X be a discrete random variable with probability mass
function px : R — [0,1]. Then,

0< H(X) < log|X|. (5.8)

Proof The lower-bound follows from Theorem [.23] and the fact that for all = €
X, tx(x) > 0. The upper-bound follows from (5.6)), and the following inequalities:
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H(X)=Ex [log PX?X)} (5.9a)
1
<logEx [pX(X)} (5.9b)
= logz 1 (5.9¢)
TESUpPp px
= log |supp px| (5.9d)
< log | X, (5.9¢)

where, follows from Jensen’s inequality (Theorem . Thus, the maxi-
mum value of the entropy of a random variable X is obtained when it is uniformly
distributed, i.e., [supppx| = |X| and px(x) = ﬁ for all x € X. This completes
the proof of Theorem [5.8| O

Joint Entropy

The joint entropy of two discrete random variables is defined as follows.

DEFINITION 5.9 (Joint Entropy). Let X and Y be two discrete random vari-
ables and assume they induce the probability measure Pxy on (]Rz, B (]RZ)).
Let also pxy : R? — [0, 1] be their joint probability mass function. Then,
the joint entropy of X and Y, denoted by H(X,Y), H (pxvy), or H (Pxy),
is:

H(X,Y) = / ixydPxy = =) pxy(@,y)logpxy(z,y).  (5.10)

2
R (z,y)€supp(pxvy)

The joint entropy of the random variables X and Y can also be written as
follows:

H(X,Y)=Exy [txy(X,Y)]. (5.11)

The joint entropy of two or more discrete random variables exhibit the follow-
ing property.

THEOREM 5.10. Let X and Y be two discrete random variables with joint
probability mass function pxy : R? — [0,1], with px : R — [0,1] and
py : R — [0, 1] the marginal probability mass functions. Then,

H(X,Y) < H(X)+ H(Y), (5.12)

with equality if and only if the random variables X and Y are independent.
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Proof From (j5.11)), the following holds:

H(X,Y)=-Exy [1og (pX(X;Z‘&))”EYgX’Y))} (5.13a)
= —Ex [logpx (X)] — Ey [log py (V)]
B op [ PXY(X,Y)
G (o430
=HX)+ HY)+Exy {log ( P ( XY } (5.13¢)

<HOO + H01) +1og By |(E BTN 130

pxy(X,Y)
=H(X)+ H(Y) + log > px(X)py(Y) | (5.13¢)
(z,y)€supp(pxy)
=HX)+ H(Y), (5.13f)

where ((5.13d)) follows from Jensen’s inequality (Theorem [3.45)).
Note that when the random variables X and Y are independent, it holds from

that:
px (X)py (Y) )}
HX,)Y)=HX)+ HY)+E log | ————= 5.14a
(6Y) = B+ 1) + By o (G20 510)
=H(X)+ H(Y), (5.14b)
and this completes the proof of Theorem [5.10] O

Definition [5.11] provides a definition of joint entropy with respect to an arbi-
trary number of discrete random variables.

DEFINITION 5.11. Let X = (X1, Xo, ..., Xn)T be an n-dimensional discrete
random vector and assume that it induces the probability measure Px on
(R™,B(R™)). Let px : R™ — [0, 1] be the probability mass function. Then,
the joint entropy of X, denoted by H(X), H(px) or H(Px), is

H(X):/nLXdPX_ > px(x)logpx (). (5.15)

zesupp(px)

The joint entropy of a vector of discrete random variables X can also be
written as follows:

H(X) =Ex [1x(X)]. (5.16)

From Theorem it follows that when X7, X5,..., X,, are mutually inde-
pendent, the following holds:

n

H(X) =Y H(X,). (5.17)
t=1
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Conditional Entropy

The conditional entropy of a discrete random variable Y conditioning on the
random variable X is defined hereunder.

DEFINITION 5.12 (Conditional Entropy). Let X and Y be two discrete
random variables and assume they induce the probability measure Pxy on
(RQ, B (1R2)). Let pxy : R? — [0,1] be the joint probability mass function.
Then, the entropy of Y conditioning on X, denoted by H (Y'|X) or H(py|x),
1S:

pyx(y,z)

PRERR (5.18)

H(Y|X) = / tyixdPxy ==Y pxv(z,y)log
RQ

(z,y)€supp(pxvy)

The entropy of the random variable Y conditioning on the random variable X
can also be written as follows:

H(Y|X) = Exy [ty x(Y]X)]. (5.19)

Note also that the conditional entropy in (5.18)) can be written as follows:

HY[X)= > px@) |- > pyixylz)logpyx(ylz)
TESUPP Px YESUPP Py | X ==
= Y px@HY|X =2), (5.20)
TESUPP pPx

where, H(Y|X =) & — Z py|x (y|x) log py|x (y|z) is the entropy of Y condi-
YESUpPp py | x
tioning on the event X = x.

The following Theorem presents an important property of the conditional en-
tropy.

THEOREM 5.13 (Chain rule for entropy and conditional entropy). Let X =
(X07X1, Xo, ..., Xn)T be an (n + 1)-dimensional discrete random vector
with joint probability mass function px : R"*1 — [0,1]. Then,

H(Xy,..., Xn) = H(X1) + H(X3|X1)

+> H(Xn|X1,..., Xn 1), and  (5.21)
n=3

H(Xy,. .., Xu|Xo) = H(X1]|Xo) + H(X2|Xo, X1)

+> H(Xn| X0, X1, .., Xno1). (5.22)

n=3
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Proof Proof of (5.21): From (5.16)), the following holds:

H(X1,) =-Ex,, {log (px1(X1)pxy)x, (X2|X1) ...

DX X1 Xoo Xn 1 (X0 | X1, Xy oo ,anl))} (5.23a)
= —Ex, [logpx1(X1)] — Ex, x, [logpx,|x, (X2/X1)] — ...
—Ex,., [logpx,|x1,Xs, ... X0 1] (5.23b)

= H(Xl) + H(XQ‘Xl) + ...+ H(Xn|X13X27 PN 7Xn—1)7 (5230)

and this completes the proof of (5.21)).
Proof of (5.22)): From (5.19)), the following holds:

H(X 1.4 X0) = —Ex [logpx,.,.|x,(X1:n|X0)] (5.24a)
=-Ex [IOg (pX1|X0 (X1 Xo0)Pxa|x0x, (X2 X0, X1) - ..
pxn\xoxl)(?...xn,l(Xn\Xo,XlaXz»~-~aXn71))} (5.24b)
= —Ex,x, [logpx,|x,(X1]X0)]

—Ex,x,x, [108 P, x0x, (X2 X0, X1)] — ... (5.24c)
—Ex [logpx,|Xom_1 (XnlXo, X1,.. ., Xn1)] (5.24d)
= H(X1|Xo) + H(X2|Xo, X1) +...
+H(Xn|X07X1,X2,...,Xn_l), (5248)
and this completes the proof of ([5.22]). O

Conditioning a random variable on another one does not increase, in expecta-
tion, the information it provides. This observation is formalized by the following
result.

THEOREM 5.14 (Conditioning does not increase entropy). Let X and Y be
two discrete random variables with joint probability mass function pxy :

R? — [0,1]. Then,
H(Y|X) < H(Y), (5.25)

with equality if and only if the random variables X and Y are independent.
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Proof From (j5.19)), the following holds:

H(Y|X) = —Exy {log (p Y(Y;i )z';;X'Y))] (5.262)
= —Ey [logpy (V)] — Exy {log (Wﬂ (5.26b)
—HY) - og [ Py Y) )
= H(Y) EXY l:l 3 (px(X)py(Y))il (526 )
= H(Y)+Exy {log (m)} (5.26d)
< H(Y) 4+ log (Exy [(M)]) (5.26€)
= H(Y) + log > px(@)py () (5.26f)
(w,y)€supp(pxy)
— H(Y), (5.26g)

where (5.26€)) follows from Jensen’s inequality (Theorem [3.45)) and holds with
equality, only if the random variables X and Y are independent. In this case, it

holds from (5.26d) that,
px (X)py (Y) )}

H(Y|X) = H(Y) + Exy [log (pX X)py (V)

= H(Y). (5.27b)

(5.27a)

Finally, if the random variables X and Y are independent, it holds that for all
(z,y) € supppx X supppy, pxv (¢,y) = px (z)py (y) (Theorem [4.17), and thus,
from Definition [5.12} it holds that H(Y|X) = H(Y). This completes the proof
of Theorem [5.141 O

The joint entropy of a collection of random variables is less than or equal to
the sum of the entropy of each random variable. This statement is formalized by
the following result.

THEOREM 5.15. Let X = (Xl, Xo, ..., Xn)T be an n-dimensional discrete
random vector with joint probability mass function px : R™ — [0,1]. Then,

H(X1,...,XN) < zn:H(Xt), (5.28)

with equality if and only if the random variables X1, Xs, ..., X, are mutually
independent.

Proof The proof of Theorem follows by combining Theorem and The-
orem [5.141 O
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The entropy of a Borel measurable function of the random variable X is smaller
than or equal to the entropy of the random variable X, with equality only when
the function is an injective function. This observation is formalized by the fol-
lowing Theorem.

THEOREM 5.16 (Entropy of a function). Let X be a discrete random variable
with probability mass function px : R — [0,1]. Let also f : R — R be a
Borel measurable function. Then,

H(X) > H(f(X)). (5.29)

Proof Denote by ¥ C R the image of the support of px through the function
f. That is,

Y £ f7! (supppx) .- (5.30)
Consider the random variable Y = f(X), which satisfies Y € Y, and let py be
the corresponding probability mass function. That is, for all y € Y,
)= Y px(@) (5.31)
z€{a€supppx y=F(a)}

Hence, for all y € ), assume that Z, £ {a € supp Px : y = f(a)}. From (5.6)),
the following holds:

== pr(y)logpy(y) (5.322)
yey
:_Z pr(x) log ZPX(U) (5.32b)
yeY \z€Z, VELy
“ S o) logpx () (5.32)
yeY €L,
= _ Z px (z)log px () (5.32d)
_HE, (5,320

If f is an injective function, it holds that for all y € ), |Z,| = 1, and thus (5.32c])
holds with equality. This completes the proof of Theorem [5.16 O

Entropy — Case of Absolutely Continuous Random Variables

The entropy of an absolutely continuous random variable X is often referred to
as differential entropy, and it is denoted by h(X) to distinguish from the discrete
case.
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DEFINITION 5.17 (Differential Entropy). Let X be an absolutely continuous
random variable with probability density function fx : R — [0,00). Then,
the differential entropy of X, denoted by h(X) or h(fx), is:

) = = [ () tog fc(o) da (5.33)

The differential entropy of a random variable X can also be written as follows:

h(X) = —Ex [log fx(X)]. (5.34)

The following two theorems provide closed-form expressions for some absolutely
continuous random variables.

THEOREM 5.18. Let X be an absolutely continuous random variable uni-
formly distributed on [0,a]. Then,

h(X) =1Ina. (5.35)

Proof See Homework 3. O

Note that h(X) in (5.35) is negative if @ < 1. This is in sharp contrast with
the entropy of discrete random variables, which is always non-negative.

THEOREM 5.19. Let X be a Gaussian random variable with zero mean and
variance 0. Then,

1
h(X) = 3 In (2mec?) in nats, (5.36)

where e is Néper’s constant.

Proof The probability density function of X is for all x € R,

fx(z) = exp — . (5.37)
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Hence, the following holds:

—/ fx(x)In fx(z)dx (5.38a)
/ fx(x < lnv27702> dx (5.38b)
= 202 2fX( )dz + In V2702 / fx(x (5.38¢)
Ex [X 2]
= 27 + ln V 27('0'2 (538d)
o
1 1
=5ty (27m?) (5.38€)
1
=glhe+3 L (2m0?) (5.38f)
1
=3 In (277602) in nats, (5.38¢)
which completes the proof of Theorem [5.19 O

Note that h(X) in (5.36) is negative when the variance of X is such that

02 < .

2me "
The following theorem provides an upper bound on the differential entropy.

THEOREM 5.20. Let X be an absolutely continuous random variable with

probability density function fx : R — [0,00), zero mean, and variance o>.

Then,
1
hMX) < 3 log (2mea?) (5.39)

and equality holds if and only if fx satisfies (5.37)).

Proof Proof See Homework 3. O

Joint Entropy

The joint differential entropy of two absolutely continuous random variables is
defined as follows.

DEFINITION 5.21 (Joint Differential Entropy). Let X and Y be two abso-
lutely continuous random variables with joint probability density function
fxy : R? — [0,00). Then, the joint differential entropy of the random
variables X and Y, denoted by h(X,Y) or h(fxy), is:

hex )= [ h / ey (e, y) g fxy (e, y) dedy. (5.40)
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The joint differential entropy of the random variables X and Y can also be
written as follows:

h(X, Y) = _EXY [log fxy(X, Y)] . (541)

The following theorem provides the differential entropy of two correlated Gaus-
sian random variables.

THEOREM 5.22 (Differential Entropy of a Bivariate Gaussian Distribution).

Let X and Y be two random wvariables with joint probability function fxvy
such that for all (x,y) € R?,

fxv(x,y) = W exp (—; ([wy] K BD) » (5.42)

where,

X o2 POXOY
K£E X Y|| = X 5.43
o HY} [ ]] L’JXUY ov |’ (543)
with 0’% and 0% are the variances of X and Y, respectively; and p =
% is the Pearson correlation coefficient. Then,

h(X,Y) = %log ((27re)2 det ]K) , (5.44)

where e is the Néper’s constant.

Proof From (|5.41)), the following holds:

h(X,Y) = —Exy [log fxy(X,Y)]. (5.45a)

Moreover, the determinant of the covariance matrix K is

det K = 050y (1—p%), (5.45Db)
and the inverse of the covariance matrix K is
1 o? —pox O
1 Y X0Yy
= . 5-45
det IK {—paxay Ug( } ( )
Plugging (5.45¢) into (5.42) the following holds:
o? —poxo T
1 [37 y] [_pg;(jy pOgX( Y:| |:y:|
Py () = ————esp | - — (5.454)
(2m)" det K
1 2.2 2 2 2
- exp (—x Iy Zyg"&‘{’y ty UX). (5.45¢)
(27)? det K ©

Plugging (5.45¢)) into (5.45a]) and taking the logarithm yields:
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X202 —2XYpoxoy + Y20§>

1
h(X,Y)=-Exy |[In | ——exp (
(27)% det K 2det IK

- ln( (27)? det 11()

+032/EX [X2] —2poxoyExy [XY]+O’§(EY [YQ]
2det K

(5.45f)

(5.45g)

_9 2
—In (\/ 2 det ]K) il ;’ d?t‘g(y +okod (5.45h)
UXGY 2) :
“detK ) + det K (5.451)

=In

7 N N

=In(/(27)°detK ) + 1 (5.45j)
1
=5 ((27re) det ]K) : (5.45k)
where (5.45]) follows from (5.45b)), which completes the proof of Theorem
O

Theorem [5.22] can be generalized as follows:

THEOREM 5.23. Let X = (Xl,XQ,...,Xn)T € R™ be an n-dimensional
absolutely continuous random vector with joint probability density function
fx such that for all x € R™

1 K lz
[x(x) = ———=cexp (—) , 5.46
x(®@) 2n) det K 2 (5.46)
where K £ Ej, [XXT} is the covariance matrixz of X. Then, the joint
differential entropy of X is:

h(X) = %log (27¢)" det K) (5.47)

Proof See Homework 3 O

Conditional Entropy

The conditional entropy of an absolutely continuous random variable Y condi-
tioning on the random variable X is defined hereunder.
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DEFINITION 5.24 (Conditional Differential Entropy). Let X and Y be two
absolutely continuous random variables with joint probability density func-

tion fxy : R? — [0,00). Then, the differential entropy of Y conditioning on
X, denoted by h(Y|X) or A(fy|x), is:

nvix) =- [ h / ey (0, 9) log fyix (yla) dedy. (5.48)

The differential entropy of the random variable Y conditioning on the random
variable X can be written as follows:

hY|X) = —Exy [log fyx(Y|X)], (5.49)

and alternatively,
1) = [ Teto) (= [ Frixtulo) o i wloay) as
= /O}X(m)h(Y|X = z)dzx, (5.50)

oo
where h(Y|X =z) 2 —/ fyx (ylz)log fy|x (y|z) dy, the differental entropy of

Y conditioning on the event X = x.

The following theorems highlight some of the properties of the differential
entropy. These properties are reminiscent to those of the entropy of discrete
random variables.

THEOREM 5.25 (Chain rule for differential entropy). Let X = (Xo, X1, Xo,
.., Xn) be a vector formed by n+1 absolutely continuous random variables,
with joint probability density function fx : R"*1 — [0, +-oc[. Then,

h(X1, ..., Xn) = h(X1) + h(Xa] X1) + D> h(Xe|X1,..., Xi1); (5.51)
t=3
and

h(X1, ..., Xn|Xo) = h(X1|Xo)+h(X2| Xo, X1)+ D h(Xe|Xo, X1, ..., Xi1).
t=3

(5.52)

Proof The proof of Theorem follows along the same lines as the proof of
Theorem [(.13 O

THEOREM 5.26 (Conditioning reduces differential entropy). Let X and Y
be two absolutely continuous random variables. Then,

h(Y|X) < W(Y), (5.53)
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with equality if and only if the random wvariables X and Y are mutually
independent.

Proof See Homework 3 O

THEOREM 5.27. Let X1, Xo, ..., X, be n absolutely continuous random
variables. Then,

n

WX, Xn) <D h(Xy), (5.54)

t=1
with equality if and only if the random variables X1, Xs, ..., X, are mutually
independent.

Proof See Homework 3 O

Mutual Information — Case of Discrete Random Variables

The mutual information between two discrete random variables X and Y is
defined as follows.

DEFINITION 5.28 (Mutual Information). Let X and Y be two discrete ran-
dom variables and assume that they respectively induce the probability
measures Py and Py on (R, % (R)). Jointly, X and Y induce the probabil-
ity measure Pxy on (RQ, B (]Rz)). Let also pxy : R? — [0,1] be the joint
probability mass function. Then, the mutual information between X and
Y, denoted by I(X;Y), I(pxy) or I(Pxy), is:

I(X,Y) é/]R2 (LPXPY _[/ny)dPXY (555)
_ ) o [ PXY(:Y)
= D pxv(w,y)log (px(x)py(y)) : (5.56)

(z,y)€Esupppxy

with px and py the marginal probability mass functions obtained from pxy .

Note that in Definition the information functions ¢p, p, and ¢p,, spec-
ify the probability measure that must be used. This notation might appear
overburden but it is useful to avoid confusion between —log (pxy (z,y)) and
—log (px (z)py (y)), which can both be denoted by txy (z, y), for all pairs (x,y) €
R2.

The mutual information between the random variables X and Y can be written
in a variety of ways. In order to avoid confusion in the following, the expectation
indicates the probability measures that must be used instead of the random
variables.



5.4 Mutual Information — Case of Discrete Random Variables 119

THEOREM 5.29 (Mutual Information). Let X andY be two discrete random
variables and assume that they respectively induce the probability measures
Px and Py on (R, % (R)). Jointly, X andY induce the probability measure
Pxy on (RQ,% (IRQ)). Let also pxy : R? — [0,1] be the joint probability
mass function. Then, the following holds:

I(X:Y) =Ep,, :log (mﬂ (5.57)
=Ep,, :log ( d(gj‘;y (X, Y))] (5.58)
= Ep,, :log (dfgx (X, Y)): (5.60)
_ Ep., |log (plei(())((')y)) (5.61)
— Ep,, :log (dfgxy (X, Y)>: : (5.62)

dPxvy dPY\x dPX\Y
where Jp2p-, ~apy  @nd —gpy
and py are the marginal probability mass functions obtained from pxy .

are Radon-Nikodym derivatives; and px

Proof See Homework 3 O

The following Theorem presents some useful properties of the mutual infor-
mation.

THEOREM 5.30. Given three discrete random variables X, Y, and Z, the
following holds:

I(X:Y)=I1(Y; X), (5.63)
I(X;Y) = H(X) - HX|Y), (5.64)
I(X:Y)=H() - H(Y|X), (5.65)
I(X;Y) >0, (5.66)
I(X;Y)=H(X)+H(Y) - H(X,Y), (5.67)
I(X;X) = H(X) (5.68)

Proof Let Px and Py be the probability measures on (R, % (R)) induced by X

and Y. Let also Pxy on (IRQ, B (]RQ)) be the probability measure jointly induced

by X and Y. Let also pxy : R? — [0, 1] be the joint probability mass function.
Proof of : This follows directly from Definition m
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Proof of (5.64): From (5.61)), the following holds:
I[(X;Y) = ~Epy log px (X)] + Epyy [logpxy (X[Y)]  (5.69)
= H(X)- HX|Y), (5.69Db)

and this completes the proof of (5.64)).
Proof of (5.65)): From (5.59)), the following holds:

py|x (Y|X)

I(X;Y) Pxy [log < () (5.70a)
= 7]EPY [long(Y)} + ]EPXY [long\X(YLX)] (57Ob)
= H(Y) - HY|X), (5.70¢)

and this completes the proof of (5.65)).
Proof of (5.66)): From (5.64) and (5.65), the following holds:
I(X;Y) > H(X) - H(X) (5.71a)
=0, (5.71b)

where, ([5.71a)) follows from Theorem This completes the proof of (5.606)).
Proof of 5.6? ): From (5.57)), the following holds:
I(X;Y) = —Epy [logpx (X)] — Ep, [logpy (Y)]
+]EPXY [longY(Xv Y)] (572&)
— H(X)+ H(Y) - HX,Y), (5.72b)
and this completes the proof of (5.67)).

Proof of (5.68)): Let Y be a random variable identical to the random variable
X, ie., Y = X. From (5.57)), the following holds:

pxy (X,Y) ﬂ
I(X;X) =Ep,, |log| ———"+~ 5.73a
(X64) = Br { i (px(X)py(Y) (5:732)
i)
=Ep, |log| ———"— 5.73b
A e ey (750
1
= 1 T 5.73
& [Og (m()@ﬂ (-73)
= —Ep, [logpx (X)] (5.73d)
= H(X), (5.73e)
and this completes the proof of (5.68) and the proof of Theorem m O

The occurrence of one random variable does not provide any information about
the occurrence of another random variable, when the random variables are in-
dependent. Hence, the mutual information between two independent random
variables must be equal to zero. This is proved hereunder.



54.1

5.4 Mutual Information — Case of Discrete Random Variables 121

THEOREM 5.31 (Mutual information of independent random variables). Let
X and'Y be two independent discrete random variables. Then,

I(X;Y)=0. (5.74)

Proof Let Px and Py be the probability measures on (R, % (R)) induced by
X and Y, respectively. Let also Pxy be the probability measure jointly induced
by X and Y on (R? 2 (R?)). Let px : R — [0,1] and py : R — [0,1] be the
probability mass functions of X and Y, respectively. From the assumption of the
theorem, it follows that pxy (x,y) = px(x)py (y) for all (x,y) € R2. Hence, from

(5.57) the following holds:

PX(X)PY(Y))]

I(X;Y)=Ep,, |log| —=F—— 5.75a

(X:¥) = Ep [tog (X000 (5.750)
= Ep,, [log1] (5.75b)
=0. (5.75¢)

This completes the proof. O

Given three discrete random variables X, Y, and Z, the mutual information
between X and both Y and Z is bigger than or equal to the mutual informa-
tion between X and one of the random variables Y or Z. This observation is
formalized hereunder.

THEOREM 5.32. Let X, Y, and Z be three discrete random variables. Then,

I(X;Y,2) = I(X;Y), (5.76)

with equality if and only if X —Y — Z.

Proof From (j5.64)), the following holds:

I(X;Y,Z)=H(Y,Z) - H(Y, Z|X) (5.77a)
=H(Y)+ H(Z|Y) - HY|X) - H(Z|X,Y)  (5.77b)
=I(X;Y)+ H(Z|]Y) - H(Z|X,Y) (5.77c)
> I(X;Y), (5.77d)

where, follows from the fact the fact that H(Z|Y) — H(Z|X,Y) > 0
given that conditioning does not increase entropy (Theorem. Note that the
equality holds if H(Z|Y) — H(Z|X,Y) = H(Z|Y) — H(Z|Y) = 0. This means
that the random variables X and Z are independent conditioning on the random
variable Y, i.e., X — Y — Z. This completes the proof of Theorem [5.32 O

Conditional Mutual Information
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DEFINITION 5.33 (Conditional Mutual Information). Given three discrete
random variables X, Y and Z, the mutual information between X and Y
conditioning on Z, denoted by I(X;Y|Z), is

o pXY|Z(9«"7y\Z)
I(X;Y|Z) =~ > pxvz(,y,2)log <pxz(x|z)py|z(yz))' (5.78)

(z,y,2)€supp(pxy z)

Let X, Y and Z be three discrete random variables and assume that they
respectively induce the probability measures Px, Py and Pz on (R,Z(R)).
Jointly, X, Y and Z induce the probability measure Pyyz on (R*, % (R?)). Let
also pxyz : R? — [0, 1] be the joint probability mass function. Then, the mutual
information between the random variables X and Y conditioning on the random
variable Z can also be written as follows:

. B [ pxv|z(X,Y|Z)
GY12) = By _log (pX|Z(XZ)pY|Z(Y|Z)>:| (5:750)
B [ pyixz(Y1X, Z)
=Ep,,, _log <py|Z(Y|Z) )} (5.79Db)
~Ere s (S5 6199

Note also that the conditional mutual information in (5.78) can be written as
follows:

xS+ 5 purstayon (Y

z€supp(pz) I’y)esupp(l’ﬂxy\z:z)

= > pz()I(X;Y|Z = 2), (5.80)

z€supp(pz)

PXY|Z(=’E7Z/|Z) > .
is

where, I(X;Y|Z = 2) = — D x,yzlog(
( | ) Z xy|z(v2) pxz(z]2)py|z(y|2)

(mvy)ESUpp(pXY\z=z)
the mutual information between X and Y conditioning on the event Z = z.
The following Theorem presents some useful properties of the mutual infor-
mation and conditional mutual information.

THEOREM 5.34. Given three discrete random variables X, Y and Z, the
following holds:

I(X;Y|Z) = H(Y|Z) - H(Y|X, Z) (5.81)

— H(X|Z) ~ H(X|Y, Z) and (5.82)

I(X,)Y;2)=1(X;2)+ I(Y; Z|X) (5.83)

=1(Y;2) + I(X; Z]Y). (5.84)
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Proof Let Px, Py and Pz be the probability measures on (R, % (R)) induced
by X, Y and Z, respectively. Jointly, X, ¥ and Z induce the probability measure
Pxvyz on (]R3, B (IR3)). Let also pxyz : R? — [0, 1] be the joint probability mass
function.

Proof of (5.81)): From ([5.79b]), the following holds:

I(X; Y‘Z) =Epyy s [long|XZ(Y|X7 Z)] —Epy, [1ong|Z(Y|Z)] (585&)
— H(Y|Z) - H(Y|X, 2), (5.85b)

and this completes the proof of (5.81]).
Proof of (5.82): From (5.79¢)), the following holds:

I(X; Y|Z) = EPXYZ [long\YZ(XD/v Z)] - EPXZ [long|Z(X|Z)] (5863)
= H(X|Z) - H(X|Y, Z), (5.86b)

and this completes the proof of (5.82]).
Proof of (5.83): From ([5.64)), the following holds:

I(X,Y;Z)=H(X,Y) - H(X,Y|Z) (5.87a)
= H(X)+ H(Y|X)- H(X|Z) - HY|X,Z)  (5.87b)
= I(X;2) + I(Y; Z|X), (5.87¢)

and this completes the proof of (5.83).
Proof of (5.84): From ([5.64), the following holds:

I(X,Y;Z)=H(X,Y) - H(X,Y|Z) (5.88a)
=HY)+H(X|Y)-H(Y|Z)— H(X|Y,Z)  (5.88h)
= I(Y; 2) + I(X; Z|Y), (5.88¢)

and this completes the proof of (5.84]). This completes the proof of Theorem
b3
O

The mutual information between the random variables X and Y conditioning
on the random variable Z is equal to zero if X and Y are independent condi-
tioning on 7, i.e., X - Z =Y.

THEOREM 5.35. Let X, Y and Z be three discrete random variables such
that X — Z — Y. Then,

I(X;Y|Z) =0. (5.89)

Proof Let Pxyz be the probability measure jointly induced by X, Y and Z
on (R3 % (R?)). Let also pxyz : R? — [0,1] be the joint probability mass
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function. From (5.79¢)), the following holds:

I(X:Y|Z) = Ep,,, [log (mﬂ (5.90a)
= Epy,, [log1] (5.90b)
— 0. (5.90¢)

where, (5.90a)) follows from the fact that the random variables X and Y are
mutually independent conditioning on the random variable Z,ie., X - Z — Y.

This completes the proof of Theorem [5.35

O

The following Theorem presents some additional useful properties of the mu-

tual information and conditional mutual information.

discrete random vector and let also Y and Z be two discrete random wvari-
ables. Then,

I(X1, Xo, oo, X Y) = I(X13Y) + I(X23 Y[ Xy)

n
+D I(Xp;Y|X1, X, X)), (5.91a)
n=3

I(X1,X5,..., Xn;:Y) 20, and (5.91b)
I(Xl,XQ, .. ,Xn,Y|Z) = I(Xl,Y|Z) + I(X27Y|Z, Xl)

+Y (X3 Y2, X1, Xa, ..., Xno1). (5.91¢)

n=3

THEOREM 5.36 (Chain rules). Let X = (X1, Xa,...,X,)" be ann-dimension

Proof Proof of (5.91al): Let Pxy be the probability measure jointly induced
by X, and Y on (R"™!, 2 (R""!)). Let also pxy : R™™! — [0,1] be the joint

probability mass function. Hence, from ([5.57)), the following holds:

I(X;Y) =Ep,y, {log (pXY(XY)ﬂ (5.92a)

px (X)py(Y)

ley(XlaY) ]

px, (X1)py (Y)
[l pX2|X1Y(X2|X1aY):|

Pxa|x, (X2|X1)
ngXleY(X3|X17X27Y)]
+IE lo
Pxixaxsy { & PxXa| X, X, (X3| X1, X2)
tEp, [log DX X1 Xz Xn 1V (Xn| X1, Xy oo, X1, Y)
DX | X1 X X1 (X3 X1, Xoy oo, Xy — 1)

= ]EPX1 Yy |:10g

} (5.92b)

H(Xn; Y[X1, Xo,y oo, X1), (5.92¢)
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where, (5.92¢) follows from (5.57) and (5.79b)). This completes the proof of
EIT).
Proof of (5.91b): From (|5.91al), the following holds:

I(Xl,Xg, . ,Xn;Y) = I(X1,Y) + I(XQ,Y|X1)

+ > I(Xn; Y[X1, Xy, Xo1) (5.93a)
n=3

— H(Y) - HY|X)) + HY| X)) — H(Y| Xy, Xa)

+> H(Y|X1,Xa,..., X 1)
n=3

—H(Y|X1, X2, X1, X2) (5.93b)
>0, (5.93¢)

where follows from Theorem and the fact that H(Y) > H(Y|X,),
HY|X1) > HY|X1,X2), ..., and for all n > 2, HY|X1,X2,...,Xp—1) >
H(Y|Xy,Xs,..., X1, X,). This completes the proof of of .

Proof of : Let Pxyz be the probability measure jointly induced by
X, Y and Z on (R""2, 2 (R"*?)). Let also pxyz : R"™ — [0,1] be the joint
probability mass function. Hence, from , the following holds:

px|yz(X|Y, Z))}
px|z(X)

px,|vz(X1lY, Z)]

px,12(X1]Z)

I(X;Y|Z) =Epy,, [log < (5.94a)

= EPX1 Yz |:10g

pxleyz(X2|X1,Y72)}
Px,|x, 2 (X2 X1, Z)
p X3 X1, Xo,Y, Z
+EPX1X2X3YZ [IOg XS‘X1X2YZ( 3| i )
Pxy)x1 X2 (X3 X1, Xo, Z)
PX 1 X1 Xoo X1 Y Z (Xn| X1, Xo, o0, X1, Y, Z)}
DX X1 Xoo Xn 12 (X3 X1, Xo, ..., Xy — 1,2)

(X3 Y X1, Xy, X1, Z), (5.94b)

where (5.94b) follows from (5.79¢). This completes the proof of (5.91c|). This

completes the proof of Theorem [5.36

+EPX1 XoYZ |:10g

+Epy, , [log

O

The following Theorems state some properties of the mutual information be-
tween the discrete random variables X, Y and Z when they form a Markov chain,
ie, X =Y > Z.

THEOREM 5.37 (Data Processing Inequality). Let X, Y, and Z be three
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discrete random variables forming the Markov chain X —Y — Z. Then,

I(X;Z) < I(X;Y) and (5.95a)
1(X;2) < I(Y; Z), (5.95b)

and when Z = g(Y), for a given Borel measurable function g : R — R, then

I(X;9(Y)) < I(X3Y). (5.95¢)
Proof Proof of : From , the following holds:
I(X;Y,2)=1(X;2)+ I(X;Y|Z) (5.96a)
> I1(X;2) (5.96b)
and
I(X;Y,2)=1(X;Y)+ I(X; Z|Y) (5.96¢)
=I1(X;Y), (5.96d)

where (5.96d)) follows from the fact that the random variables X and Z are
mutually independent conditioning on the random variable Y ie., X - Y — Z.
From (5.96b)) and (5.96d)), the following holds:

I(X:2) <I(X;Y), (5.96¢)

and this completes the proof of (5.95a)).
Proof of (5.95b): From (5.91a)), the following holds:

I(X,)Y;2)=1(Y;2)+ 1(X;Z]Y) (5.97a)
=1(Y;2) (5.97b)
and
I(X,)Y;2)=1(X;2)+ 1(Y; Z|X) (5.97¢)
> 1(X;2), (5.97d)

where (5.97b)) follows from the fact that the random variables X and Z are
mutually independent conditioning on the random variable Y, ie., X - Y — Z.
From (5.97b)) and ([5.97d)), the following holds:

I(X;2) < I(Y; Z), (5.97e)

and this completes the proof of (5.95b)).
Proof of (5.95¢): Plugging Z = ¢(Y") into (5.96€]), yields:

I(X;9(Y)) <I(X;Y), (5.98)
and this completes the proof of (5.95¢]). O

THEOREM 5.38. Let X, Y and Z be three discrete random variables such



5.4 Mutual Information — Case of Discrete Random Variables 127

that X —Y — Z. Then,

I(X;Y)2) < I(X;Y) and (5.99a)
I(Y; Z|X) < I(Y; 2). (5.99b)
Proof Proof of (5.99al): From (5.91al), the following holds:
I(X;Y,Z2)=1X;2)+1(X;Y|Z) (5.100a)
> I(X;Y]2). (5.100b)

From (5.96d)) and ([5.100b)), the following holds:

I(X;Y|Z2) < I(X;Y), (5.100c¢)
and this completes the proof of .
Proof of : From , the following holds:
I(X,)Y;2)=1(X;2)+ I[(Y; Z|X)
> I[(YV; Z|X). (5.101a)

From (5.97b)) and (5.101a]), the following holds:

1(Y; Z|1X) < I(Y; 2), (5.101b)
and this completes the proof of (5.99b)). This completes the proof of Theorem
5.38] O

THEOREM 5.39. Let X, Y and Z be three discrete random variables with
joint probability mass function pxyz : R® — [0, 1] such that for (z,y,2) €
RS) pXYZ(‘Tv Y, Z) = DPx (.’,E)py (y)pZ|XY(Z|xa y) Then:

I(X;Y|Z) > I(X;Y). (5.102)

Proof From the assumption of the theorem, X and Y are two independent
random variables, then I(X;Y) = 0. Hence, the inequality follows from the
non-negativity of mutual information. O

The following two theorems play central roles in the analysis of the fundamen-
tal limits of data transmission.

THEOREM 5.40. Let X = (X1,Xo,..., X)) and Y = (Y1,Ys,....Y,)"
be two n-dimensional discrete random vectors with joint probability mass
function pxy : R?" — [0,1]. Assume that for all (z,y) € R?",

pxy(z,y) ZPY\X(y|fE)HpX($t)7 (5.103)
t=1
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for some probability mass function px : R — [0,1]. Then,

[(X;Y) > En: I(Xn:Y,). (5.104)

Proof Let Pxy be the probability measure jointly induced by X and Y on
(R?", 2 (R*")). Similarly, for all t € {1,2,...,n}, let Px,y, be the probability
measure jointly induced by X; and Y; on (RQ, B (IRQ)). Hence, from , the
following holds:

[(X:Y)=Ep,, {log (W)] (5.105a)
=Epyy [log (p)n (Xl)ﬁ))::(;((j?}i)z?xn (Xn)ﬂ » (8:1050)

where, (5.105b|) follows from the fact that X7, X, ..., X,, are mutually indepen-
dent. On the other hand,

éI(Xt;Yt) — émpxtn [1og <W>]

_E, [log <PX1|Y1 (X1|Y1)px,|v, (X2|Y2) ... px, v, (X,JY,J)}
¥ px, (X1)px,(X2) ... px, (Xn) '

Hence,

i I (XyY) - 1(X3Y)

Px,vi (X11Y1)px, v, (Xa|Y2) ... px v, (Xn|Ya)
= Epy, |log
px|y(X]Y)
Px,v: (X11Y1)px, v, (Xa|Y2) .. -pX"Yn(Xn|Yn)):|>
<log (E ! 5.105¢
e (B [ ( e oy (1050

=10g< Z Py (y) Z (pX1|Y1($1|y1)pX2Y2($2|92)-~-an|Yn,(xn|yn))>

YESUpPp py TESUPP Px
~log ( 5 py<y>)
YESUpp py
=log1
=0, (5.105d)

where (5.105¢)) follows from Jensen’s inequality (Theorem [3.45]). Then,
I(X;Y) 2 ) I(X;Y), (5.105¢)
t=1

and this completes the proof of O
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THEOREM 5.41. Let X1, Xs,..., X, and Y1,Ys,...,Y,, be 2n discrete ran-
dom variables with joint probability mass function pxy : R*" — [0, 1], such
that for all (x,y) € R?™ it holds that

Pxy (z,y) = [ [ Pyix(velw) Px (), (5.106)

t=1
for some given probability mass functions py|x and px. Then,

1(X:Y) < 1(Xa). (5.10)

t=1

Proof Let Pxy be the probability measure jointly induced by X and Y on
(R?", 2 (R*")). Similarly, for all ¢ € {1,2,...,n}, let Px,y, be the probability
measure jointly induced by X; and Y; on (]RQ, B (RQ)). Hence, from ([5.59)), the
following holds:
ryix (Y]X) )}
I(X;Y)=E log | —————~
_ pyix, (Y| X1)py, x, (Y2|X2) .. py, x, (Yol Xn)
=Ep,, |log .
py (Y)

On the other hand,

ﬁiU%KJzééE&m[bgC“;iifﬂy

t=1
B, [log (PY1X1 M| X1)pys x, (V2| Xo) - - Py, x, (Ya | Xin) )}
xx Py (Y1)py, (Y2) ... py, (Y2) '

[(X;Y) =Y 1(X;Y;) = By |log (pyl (Yl)p?%)f} Py, (n))}

|
< log <EY prl (Y1 )PY;S/(QX),-)- Py, (Ya) >] )
E

> (pm(yﬂpxxyﬂ~~pmiynb>

=0, (5.108a)

where the inequality follows from Jensen’s inequality (Theorem [3.45)). Then,
I(X;Y) <) I(XuYs), (5.108b)
t=1

which completes the proof of Theorem O
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Mutual Information — Case of Absolutely Continuous Random
Variables

The mutual information between two absolutely continuous random variables is
defined as follows.

DEFINITION 5.42 (Mutual Information). Let X and Y be two absolutely
continuous random variables with joint probability density function fxy :
R? — [0, 00). Then, the mutual information between X and Y, denoted by
I(X;Y), is:

Y S S 5's {23 DI R
I(X;Y) = /_w/_ixy( ,y)lg(fx(x)fy(y))d dy.  (5.109)

The mutual information between the real-valued random variables X and Y can
also be written as follows:

)= By fiog (L EY) .

I(X,Y)—EXY _1 g(fx(X)fy(Y)>:| (5110 )
B _O fyix (Y]X)

— Exy :1 g( ree )} (5.110b)

= Exy |log (W)} . (5.110¢)

Theorems [5.3015.32] can be extended to real-valued random variables.

THEOREM 5.43 (Mutual information between two Gaussian random vari-
ables). Let X andY be two random variables with joint probability function
fxy such that for all (z,y) € R?,

1 1 ]
o) = e oxp (5 K 1), )
(2m) det K Y]
where,
a X _ O'g( POXOY |
K 2 Ey,, HY] (X Y]] = [WXOY 2 | (5.112)

with 0% and o2 are the variances of X and Y, respectively; and p =
Exy[XY]

is the Pearson correlation coefficient. Then,
oxX0oOy

I(X;Y) = —% log (1 —p?). (5.113)

Proof From Theorem the following holds:

I(X;Y) = h(X) +h(Y) — h(X,Y). (5.114a)
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Plugging (5.36]) and ( into 1 5.114a)), the followmg holds:

I(X;Y) = %log (2mea’) + 5 Log (2meo?) — 5 Liog ((271’6)2 det ]1{)5.11410)

1 0202
=1 it 4 114
2 Og<det]K) (5.114c)
1
= —g5log (1 - p*), (5.1144)

where (5.114d)) follows from the fact that det K = 6% 0% (1 — p?). This completes
the proof. O

Note that if p = £1 (perfect correlation) then I(X;Y') is infinite.

55.1 Conditional Mutual Information

DEFINITION 5.44 (Conditional Mutual Information). Let X, Y, and Z be
three absolutely continuous random variables with joint probability density
function fxyz : R® — [0,00). Then, the mutual information between X
and Y conditioning on Z, denoted by I(X;Y|Z), is

fxviz(z,ylz) )
I(X:¥12) = / / /fXYZ Bz 1Og(fxz(ﬂz)fwz(mz) dodyda.

(5.115)

The mutual information between the real-valued random variables X and Y
conditioning on the real-valued random variable Z can also be written as follows:

L hep(XY)2)
[RGY12) = Bxvz [log <fXZ<XZ>fYZ(Y|Z>>} (5.118)

T (Frixa(V1X2)
=Exyz _lg< 2 (V12) )} (5.117)
_ [og [ IX1¥2(XIYZ)

= Exvz _lg< ) )] (5.118)

Theorems [5.3415.47] can be extended to real-valued random variables.
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